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ABSTRACT. We derive the two-dimensional Keller-Segel equation from a stochastic system
of N interacting particles in the case of sub-critical chemosensitivity y < 8 z. The Coulomb
interaction force is regularised with a cutoff of size N~%, with arbitrary a €(0, 1/2). In particular
we obtain a quantitative result for the maximal distance between the real and mean-field N-
particle trajectories.

1. INTRODUCTION

The Keller-Segel equation [15] is known as the classical model of chemoraxis, which in Biology
refers to the movement of organisms guided by an external chemical substance and has been
observed in some species of bacteria or amoeba. The Keller-Segel equation, concretely moti-
vated by the behaviour of the unicellular organism Dictyostelium discoidium, models a situation
in which cells naturally spread out but under starvation circumstances also attract other cells
by segregating an attractive chemical substance. We consider the two-dimensional Keller-Segel
equation:

op=Ap+xV-((kxp)p),  p(0,-)=po. (L
Here p: [0, c0) X R% — [0, o) is the evolution of the cell population density for an initial value
po: R? = [0, c0), the interaction force kernel k: R?> — R? is given by k(x) := 2n7x|2 and the constant

>0 denotes the chemosensitivity or response of the cells to the chemical substance!. This model
reflects the characteristic competition between diffusion and aggregation in such a chemotactical
process. Mathematically this results in the interesting effect that in some cases smooth solutions
exist for all times, while in others solutions blow up in finite time” (corresponding to clustering
of the cells). Furthermore, the existence of global solutions or the presence of blow-up events
strongly depend on the dimension, mass and chemosensitivity of the system: in one dimension
the solution exists globally, but in higher dimensions blow-up events in finite time may or may
not occur depending on the initial mass M := fRpo(x) and the chemosensitivity y. This role for
the 2-dimensional description was completely understood for the first time less than a decade ago:
if y M <8z, a global bounded solution exists, while for y M > 8 = blow-up in finite time always
takes place. Finally, if y M =8 x a global solution exists which possibly becomes unbounded as
t = oo [3],[8],[2]. Here we work in a probabilistic setting and for convenience assume an initial
mass M =1. The threshold condition for the existence of global solutions is therefore at y =8 x.

1. This form of the equation results from the Keller-Segel parabolic-elliptic system if the concentration of chemical substance
is taken to be the Newtonian potential of the density of cells [12].

2. A solution p(t, x) is said to blow up in finite time if lim;_7 || p(¢, -)|| ;. = oo for some finite time 7.
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Our purpose in this paper is to derive the deterministic macroscopic equation (1) in the sub-
critical regime y € (0, 8 7) as the mean-field limit of the following microscopic stochastic N-
particle system as N — oo:

N N
ax V' =-L 3 k(XY -x[") dr+v2dB], i=1,...N, X3~ @) s, 2)

J#i i=1
where the process X'™): [0, co) — R? denotes the trajectory of the i-th particle, (B);cy is a family
of 2-dimensional independent Brownian motions, X,(N )eR2N denotes the vector X,(N )= (th W ...,
Xiv M3 and at the initial time £ =0 the particles are independently distributed according to the ini-
tial density pg. To this end we prove the property of propagation of chaos for regularised versions
(with a cutoff depending on N) of these equations in Corollary 2. We obtain the propagation of
chaos as a consequence of Theorem 1, where the real trajectories X'™) are shown to remain close

to the mean-field trajectories, defined by (3) below, if both started at the same point. The mean-
field trajectories are given by the following equation:

YV =—y (k% p) V' M)dt ++/2dBi, i=1,...,.N, YM=x{, (3)

where p; = Z(YZ(N )y is the probability distribution of any of the i.i.d. Y,"(}v ). We remark that
the Keller-Segel equation (1) is Kolmogorov's forward equation for any solution of (3), and in
particular their probability distribution p;, solves (1).

The work of Cattiaux and Pédeches [6] is relevant for the existence of solutions of the sto-
chastic particle system (2) and their properties. Furthermore, the derivation of the macroscopic
equation (1) from the many-particle system (2) or propagation of chaos has been addressed in the
past years by several mathematicians for modified problems: for a regularised interaction force
ke(x):= m in [12] and for a sub-Keller-Segel equation with a less singular force k,(x):= al

|x|ﬂ‘+1 4
0<a < 1,in [11]. More recently, great progress has been made for the purely Coulomb case
(a¢ = 1): Fournier and Jourdain [10] proved the convergence of a subsequence for the particle
system (2) by a tightness argument in the very sub-critical case y <2 x using no cutoff at all; the
convergence of the whole sequence (and therefore propagation of chaos) was nevertheless not
achieved. Liu et al. published in the past year several results on propagation of chaos of (2) [18],
[14], [19], the last of them containing the strongest result available to date to our knowledge. We
improve their result in two aspects. On the one hand our conditions (4) on the initial density pg are
weaker: Liu and Zhang assume py is compactly supported, Lipschitz continuous and py€ H*(R?).
On the other hand our initial configuration for the N particles is less restrictive: ours are i.i.d.
random variables on R?, while their particles are distributed on a grid. Our approach adapts a
method that seems to be powerful for deriving the mean-field limit of some N-particle systems
with Coulomb interactions, which was presented by Boers, Pickl [4] and Lazarovizi, Pickl [17]
for the derivation of the Vlasov-Poisson equation from an N-particle Coulomb system for typical
initial conditions.

3. We introduce the notation (N) for the number of particles in order to differentiate between these trajectories and the regularised
ones. We nevertheless just use this notation during the introduction, since in the following sections we only work with the regularised
equations.
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Conditions on the chemosensitivity and the initial density.
We assume throughout this note a sub-critical chemosensitivity y € (0,8 x) and the following
conditions on the initial density po:
po € L'(R2,(1+xP) d)nLO(R)NHA(R),
po = 0,

/ po(x)dx = 1,
RZ
pologpy € L'(R?). 4)

These conditions guarantee global existence, uniqueness and further good properties of the solu-
tion of the macroscopic equation (1). Section 3 reviews these results and the corresponding ones
for the solutions of the microscopic system.

m

Regularisation of the interaction force.
We introduce the following N-dependent regularisation of the Coulomb interaction force. Let
¢':R% - [0, o0) be a radially symmetric, smooth function with the following properties:

1
lyee d —35 108 Xl X >2,
X):= 2
P {o, <1,
Vo' < 2z |x)7", —A¢'(x) > 0 and |97 ¢' ()] < (« x|~ for any x € R?, i, j=1,2. For
each N €N and a € (0, 1/2), let ¢V (x) = ¢'(N?x) and consider the regularised interaction force
kN ==V ¢V, which by construction satisfies

X —
W= epee P22V
0, X[ <N
and

b —a
0Ny <4 T FIPNT )
0, [|x|<N7“

For an initial density pg satisfying the above conditions (4) and each N € N we consider the
regularised Keller-Segel equation

0PN =ApN + V(KN 5 p™) o), pM(0,-) = po, )

the regularised microscopic N-particle system, for i=1,...,N,

N
XN =L NN ((ON XN dr v 2 dB] i=1,.N, XY~ @) o (©)

J#i i=1
and the regularised mean-trajectories

AY/ N = — (kN 5 pNy (¥ MMy dr + /2 dBE, i=1,...,N, Y{ON=xN (7)

where p) denotes the probability distribution of Y,i(N N for any i=1,...,N. As in the non-regu-
larised version this implies that p" solves the regularised Keller-Segel equation (5). For simplicity
of notation, and since the number of particles N already becomes apparent by the dependency of
N of the cutoff, we will just write X*V and Y%V instead of X'V and Y™V as well as X and YV
for the vectors X and Y™V Tt is also convenient to denote the regularised interaction force as

KNG o) =—% ) KV (=) ®)
J#
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and the mean interaction force as
=N
Kl‘,i(x] PR ,XN) = _X(kN * pf‘v)(xi)’

where pY = Q(Y,i’N ). We need to introduce one last process: For times 0 < s < ¢ and a random
variable X € R?", independent of the filtration generated by B,, r > s, let Z,)f;N be the process

starting at time s at the position X and evolving from time s up to time ¢ with the mean force K%.
Put in another way, the process Z,{(S’N = (Z,?,(S’I’N , ...,Z,?,(S’N N ) is given by the solution of
Az =KNZ5Nyde+v/2dBl, i=1,...,N, ZKV=X. )

This paper is organised as follows. In the next section we state our main result and the ensuing
propagation of chaos. We comment on the existence and properties of solutions of equations (1)-
(9) in Section 3. Section 4 is devoted to some preliminary results that we need for the proof of
the main result, Theorem 1, which is then proven in Section 5. We conclude with the proofs of
Propositions 4 and 5 introduced in Section 3.

Notation. For simplicity we write single bars |-| for norms in R” and ||-|| for norms in L? spaces.

2. MAIN RESULT

Let the chemosensitivity y and the initial density pq satisfy condition (4), and for N € N let
XV and YV be the real and mean-field trajectories solving the regularised microscopic equations
(6) and (7), respectively. Our main result is that the N-particle trajectory xN starting from a
chaotic (product-distributed) initial condition X} ~ @, pq typically remains close to the purely
chaotic mean-field trajectory YV with same initial configuration Y}’ = X} during any finite time
interval [0, T]. More precisely, we prove that the measure of the set where the maximal distance
IXN —¥YN|, on [0,T] excedes N~* decreases exponentially with the number of particles N, as the
number of particles grows to infinity.

Theorem 1. Let T >0 and a € (0, 1/2). For each y > 0, there exist a positive constant C, and a
natural number Ny such that

P( sup XN —YV|o=N"*\<C,N77, foreach N>Np.
0<t<T

C, depends on the coefficient y, the initial density po, the final time T, @ and y, and Ny depends on

po, T and a.

Note that if the interaction force were Lipschitz continuous the statement would easily follow
from a Gronwall-type argument. In our case we do not have this good property, but we can prove
that the regularised force KV is locally Lipschitz with a bound of order log N, which follows from
Lemma 7 and the Law of large numbers as presented in Proposition 8. This Lipschitz bound is
good enough to prove the statement for short times but for larger times we need to introduce a new
intermediate process. This process is proved to be close to XV by the same argument as before
for short times and close to ¥¥ by a new argument introduced in Lemma 9 which compares the
densities of the processes instead of comparing the trajectories.

We remark that Theorem 1 directly implies the propagation of chaos, or the weak convergence
of the k-particle marginals for XN and YV. In order to show this, let us briefly introduce the first
Wasserstein distance for measures: For k> 1 we denote by 9(R?¥) the set of probability measures
on R%* and by 9(R?*) the subset of probability measures with finite expectation, P;(R%*¥) :=
{ ue PR f |x|dp < oo } We consider on 2 (R%) the first Wasserstein metric W, with respect
to the normalised Euclidean distance on R%

7€ll(u,v)

k
Wigen=_ o [ L3 Wieyldac), (10
R2k xR 2k =1
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where IT(y, v) is the set of all probability measures on R**x R?* with first marginal y and second
marginal v. It is a well known result (see, for instance, [22, Theorem 7.12]) that convergence with
respect to this metric Wy implies the weak convergence of measures in % {(R%¥).

Corollary 2. Consider the probability density ®)_,pY of YV, denote by WY the probability density
of XN and by ©W¥Y its k-particle marginal

(k)‘l’fv(xl,---,xk)==/ PN (xr,xy) A e dy, k1
R

2AN=k)

Then ®WYN converges weakly to @*_,p; as N > oo for each fixed k > 1 and the full density ¥~
converges weakly to @_1p, as N — oo. More precisely, there exist a positive constant C and a
natural number Ny such that

k —a
sup Wi (WY, @10Y), sup Wi, @ ipM)<CN (1n

0<t<T 0<t<T
holds for each k> 1 and N > Ny. W1 denotes the first Wassertein distance (10), C depends on the
coefficient y, the initial density po, the final time T and a, and Ny depends on po, T and a.

Proof. For the distance on 2(R?") between the full density ¥» and ®i-V:1 pY we find

N
1 o
inf / — E |x' —y!| (dx, dy)
zell(PY,QN oY) J RV R2N N =

i=1
inf V2 [x =yl 7(dx, dy)

el(¥Y,®Y,pY) JRVRN

< V2EIXY = YV o)

Analogously, if we take a fix k > 1, the same bound holds for the corresponding Wasserstein

TCAR- RPN

/AN

distance between the k-particle marginal ®® and the product ®_;p". Letus consider the expec-
tation E(|XY — YN|,,) on the set A = {supo<i<T IXN — YNl > N} and its complementary
separately. On A€ the expectation is simply bounded by N™%; on A, according to Theorem 1, it is

/|XtN—Y,N|mdP _ /
A A

r(||KN||m+ sup ||1?SV||M>P<A>

0<s<t
TQRx) 'N*Cyy N~
CN—®,

dP

[c°]

t
/ KNxXM) - KY(YN)ds
0

/AN

<
<

for a constant C depending on y, po, T and a and all N greater than some Ny depending on pg, T
and a. We conclude that

)

Wi (e, @i ) Wi, QL 1p) ) SCN™®, k21,

holds for each t €[0,T] and N > Ny, where C=C(y, po, T, @) and No= No(po, T, @). After taking
the supremum over 0 <7< T we obtain the desired result. N

The above result implies also the weak convergence of the k-particle marginal ®¥/, for k> 1
to the tensor product ®£-‘=1 pr as N — oo, where p; is the solution of the (non-regularised) Keller-
Segel equation (1). Indeed, since N converges weakly to p; (Proposition 3) it is also true that
®%,pY converges weakly to ®¥_,p, for any fix k> 1, N — co. Here we do not include a quantita-
tive version of this convergence, but it should not be difficult to prove.
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3. PROPERTIES OF SOLUTIONS

3.1. Macroscopic equations.
Following [9] we say that p is a weak solution of (1) for an initial condition pg satisfying (4) if

0<peL®(0,T;LYR*)NC(0,T); 2’ (R?), T>0,

p satisfies the conservation of mass

/ pdx=/ pode (=1),
R2 R2
the second moment equation

[oannpar=a(1-)e+ [ meonPas
R2 /4 R2

the free energy inequality
t
Flo+ / / IV (logp)+ 1 (k) drds < Flpol,
0o JR

and the Keller-Segel equation in the following sense: for each ¢ € C2([0, T) x R?)

Azpo(X)¢(0,X)dX=A Azp[(v(longx(k*p))-Vco—arco]dxdt-

Here the free energy & is given by

9[p]==/ plngdx—% p (¢ p)dx.
R2 R2

Proposition 3. (Existence and convergence) Under assumption (4) for the chemosensitivity y
and the initial density pg the following holds:

i. Forany N eN and any T > 0, there exists PN e LX0,T: H'(R?)n C(0, T; L*(R?)) which
solves (5) in the sense of distributions.

ii. The Keller-Segel equation (1) has a unique weak solution p € L®(R;L'(R?)).

iii. The sequence (p") of solutions of (5) converges weakly to the solution p of the Keller-
Segel equation (1).

We refer to [3] and [9] for the proof. More precisely, the existence of the sequence PV and
the weak convergence of a subsequence of p" to a weak solution of the Keller-Segel equation (1)
were proved in [3]. Together with the uniqueness of the weak solution p of (1), which was proved
in [9], it follows the weak convergence of the whole sequence PV (and not just a subsequence) to
this unique solution p.

For the proof of Proposition 3 only poe L'(R?, (14 |x|?) dx), and not poe L'(R?, (1 +|x|*) dx)n
L®(R?) n H*(R?) as required in condition (4), is necessary. If moreover the initial density is
bounded in L* we find in Proposition 4 that the solutions of the Keller-Segel and the regularised
Keller-Segel equations are uniformly bounded in L* as well. Finally with the full condition pg &€
LY(R?, (1 + |x|») dx) n L*®(R?) n H*(R?) we prove some Holder estimates in Proposition 5. The
proofs of these two last propositions are contained in Section 6.

Proposition 4. (L™ estimates) Assume y and pg satisfy condition (4). Then for each T >0 there
exists a positive constant C such that

sup 1) lleos sup llpillco<C
te[0,T] t€[0,7]
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holds for the solution p" of (5) and the solution p of (1).

Proposition 5. (Holder estimates) Assume y and py satisfy condition (4). Then for each T > 0
there exist positive constants C1 and C, depending on po and T, such that for each N € N and
t€[0,T] the following estimates hold for the solution p" of (5) and the solution p of (1):

i. 1PY®)]o.a [p(D)]0,a< C1

ii. [KN s pN ()10, [k*p()]0,1 < Co

3.2. Microscopic equations.

We focus first on the interacting N-particle system (2) and its regularised version (6). Since
for each N >0 the kernel of (6) is globally Lipschitz continous, the solution of (6) is strongly and
uniquely well-defined. For the original singular situation (2) it is much more delicate. Cattiaux
and Pédeches [6, Theorem 1.5] proved the following existence and uniqueness result:

Proposition 6. (Existence and uniqueness) Let ./ := {there exists at most one pair i # j such
that X' =XI}. Then, for N>4 and y <8 (1 -

explosive solution of (2) starting from any x € M.

) there exists a unique (in distribution) non

We continue with the mean-field N-particle system (3), its regularised version (7) and its
regularised and linearised version (9). According to Proposition 5 the mean-field force KV is
Lipschitz in the space variable, uniformly in # € [0, T] and N € N. Therefore, the linear equation
(9) has a unique strong solution. For the existence and uniqueness of solutions of the non-linear
equations (3) and (7) we refer to [18, Theorem 2.6].

4. PRELIMINARY RESULTS

4.1. Local Lipschitz bound for the regularised interaction force.

The regularised interaction force KV defined in (8) is locally Lipschitz, with a local Lipschitz
bound depending on N. The proof of this statement is conducted in the following Lemma, which
is formulated to include more general cutoffs that we will need to consider in this paper.

Lemma 7. Let v =v(N) be a monotone increasing function of N with limy_, « v(N) = 0o, and
consider the force k¥ with cutoff at v(N)~', k¥(x) := =V (¢'(vx)) for the bump function ¢' defined
in Section 1, meaning in particular that k*(x) < 2z |x|)~! and

x -1
——, |x|=2v",
kV(x)=} 27k > .
0, |lgv!

i. Foreach x,y€R? with |x—y|<2v~! it holds

k" () = k"W ' Q) =yl

16 —
lV(y)::{W, |y|>4V l,.

V2, [yl <4v!

where

ii. Let the resulting force be K} (x1,...,xn) = —% Z#ik"(x,-—xj) and define

LYO1s )= 2 D 1= )
J#i
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Then, for each x,y € R*N with |x—y| < v~ it holds

IKi () = KiDIS2LI () e = Yoo

Proof. (i) By the Mean Value Theorem the bound
|k¥(x) kYW < IDKY ()| |x =y

holds for some point z in the segment which joins x and y. We distinguish between the following
two cases:

Case I: |y|<4vl.
Since the derivative of k" is globally bounded by v?/z, and consequently by v? as well, it
follows that

k") = k" WIS NIDE || e =y < () =yl

Case 2: ly| =4v™L.
Since |z — y| < Jx — y| < 2 v, it follows that |z| > 2 v~!. This means in particular that the
derivative of k" at z is bounded by |z|~/z and also that |z—y| <|z], so

<y -zl +1z1)> < Qlz)* =4z

Therefore,
k') —k*" W] < IDKY(@)[|x =y
< 27z P -yl
< 2y -yl
< M=yl
Finally, (ii) follows directly from (i). O

4.2. Law of large numbers.

In the proof of the main theorem we define several “exceptional” sets and rely on the fact that
the measure of these sets is exponentially small. This fact is proven in the next Proposition, a law
of large numbers for our setting, for all these sets are events where the sample mean and expected
values of some family of independent variables are not close. The steps we follow for this version
of the law of large numbers are the standard ones, the only issue being that the k-th moments of
the variables we consider are not bounded but instead grow with N to infinity. We'll see that their
growth is nevertheless slow enough and we still obtain a rate of convergence which is faster than
C,N77 for any y >0, where C, >0 is a constant depending on the choice of y but not on N.

Proposition 8. (Law of large numbers) Let a, 6 > 0 be such that « + 6 < 1/2. For N € N let
Z',...,ZN be N independent random variables in R* and assume that Z' has a probability density
that we denote by u', i=1, ..., N. Let h= (h', h*): R*> - R? be a continuous function satisfying
|h(x)| < C, min {N%, |x|~'}. Define H{(Z)=(H}(Z), H(Z)) = %zj Lih(Z" = Z7) and the following
sets

s =={ sup Hi(Z)— ECHI(Z))| >N—<ﬂ+5>},

1<isKN

§= { sup |H(Z)—Ei(H(Z))|> N_(“+5)},

1<iSN
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where [E(_;) stands for the expectation with respect to every variable but 7\ that is, E—iy(Hi(Z))=
1 . .
ﬁz#i (h*uw)(Z").

Define €:=1—2(a+6) (strictly positive by assumption) and assume that, for each i,

log N ([l o + 14113 < CoN*"> (12)

holds for some constant Cy independent of N and i. Then, for each y > 0 there exists a constant
C, (depending on y, €, Cy and Cy) such that

P(S),P(S)KC,N.

Proof. Because we can replace E(H;(Z)) by E_;(H;(Z)) in the proof, it is enough to prove the
statement for the first set S. Also notice that since
N2
P( sup |H,-(Z)—[E(H,-(Z)>|>N—<“+5>>< > PUHYZ)~ EH/(Z))| >N+

I<iKN i=1,v=1

holds, it suffices to prove that
P(H}(Z) - EH} (Z)| 2N~ )< C,N™7

for each y>0,eachi=1,...N and v=1,2. Let then y >0, ve {1,2} and let us for simplicity take
i=1.

We use Markov's inequality of order 2 m and determine later the right choice of m for the
given y and the quantity (a + ) in the exponent of the allowed error N~@*+_ For j=2,...,N let
us denote by ©; the (independent) random variables ©;:=h"(Z I—7/yand by u ; its expected value

Y ©—pu)

ZN—(G-{-&))
j#1

2m
< NZ(‘”‘S)m[E[(%Z (@;—u;)) )

j#1

Hj= /hv(zl _Zj) I/tl(Zl) Mj(Zj) le de

Now by Markov's inequality

P(IH\(Z)~ E(HA(Z)| > N~*9) = P(%

The expectation on the right hand side can be estimated by using the multinomial formula

N
(x2+...+xN)2'”= 2 C"H X,
j=2

a+...+a,=2m

2m )= (2m)!
ay, ..., an ar!...an!”

2m
E[(%Z(@;—m) )=N—2'" D | R

Jj#1 ar+...+ay=2m Jj#1

where a=(a,, ...,ay) is a multiindex and C, = ( Consequently

Here note that if a;=1 for some j then the whole term is zero, since E((®; — u;)) =0. Therefore
we are left only with terms with at most m non-zero entries. If we denote by |a| the number of
non-zero entries of the multiindex a, the sum above simplifies to

2m
E[(%Z@j—uﬂ) )=N—2m > G E®;—up®.

Jj#1 ay+...+ay=2m Jj#1

lal<m
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Next we estimate the a;-th order moment of ®;, for a; <2 m: specifically we prove that
[E(((,,)j _ ﬂj)aj) < CZ/ C()Na<[lj_2)+€/2.

The aj-th order moment of ®; equals

/ (h*(z1=2j) — @ u'(21) W/(z)) dz dz;.
R2
We factor the power in the integrand as
(h¥(z1—2)) — ) = h* (21— 2) — )~ (W*(21—2)) — j)*,

then estimate the term to the power a; — 2 by its supremum norm and integrate only the second
factor. It holds that

ClIA"lloo + (A %16 oo
Cllhlleo <ChN“

17" (z1 = zj) — Mjll o

N N

After integrating the term to the second power we find
/z(hv(zl —z)—u)*u'(2)w/(zj) dz1dz; = M,z'+2ﬂj/h”(Z1 —z)u'(z1) (z) dz; dz;
R

+/zhv(Z1—Zj)zul(m)uj(zj) dz; dz;
R

< Bl || 5+ 177 51 || oo

< Cp([|w]|5% +1og N [|1]| o)

< CnCyNe2.

Altogether

E((®;—up®™) Az (h¥(z1—2)) = ) u (21) W (zj) dz1 dz;

/N

|1h¥(z1—zj) — ujll‘.fé_z Az (h¥(z1 —z) — up)* ul(z1) w/(z;) dz1 dz;
< CZjCONa(aj—2)+£/2‘

Let now k <m and consider only the multiindices @ with k non-zero entries, that is with |a|=k. It
holds

2 C“H [E((®j — Mj)"-/) < Z C, C}sz CgNa(Zm—Zk)"r&k/Z

ay+...+ay=2m Jj#1 ay+...+ay=2m
la|=k lal=k

< Z @ m)2m C%m cr Na(2m—2k)+£k/2,

ay+...+ay=2m
lal=k

2m
a2, as, ..., ay.

number of ways of choosing k numbers that add up 2 m counting all permutations, is bounded by
N*(2m)*, we find that

where we used that C, = ( ) < (2 m)*™. Since the number of terms in the sum, i.e. the

Z C“H [E((®j — Mj)aj) <@ m)3m C%m cr NX2m=2k)+eki2 prk

ayt...+ay=2m Jj#1
la|=k

< CmNZmaNk(l—2a+£/2)’ (13)
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for a constant C,, >0 only depending on m, Cj and Cy. At this point we can estimate the desired
expected value

2m
1 —om Z I I aj
Jj#1 ay+...+ay=2m J#1

\a\<m

= N~ 2’”2 2 CJIE@-u)»

1(1+ Aay=2m j:,'él
la|=k

m
CmN—Zm Z NZmaNk(1—2a+£/2)

k=1
C N—2m Nm(2a+1—2a+£/2)
m

CmN—m(l —£/2)

N

<
<
where we used (13) and the positivity of 1 =2« + /2. Finally we find that

2m
1
P(H\(Z)— E(H\(Z))| > N=@9) < N2eromE (N > (©;- m>>
J#1
CmN2(11+5)mN—m(1—£/2)

/AN

=C, N—m(l—2(a+5)—£/2)
< C N—ms/Z C N~

holds for m=2y/e, where C‘y :=Cyy/e depends on y, €, Cp and Cj,. O

4.3. Comparison of solutions of (9) starting at different points.

In this section we address the following question: how different is the action of the force
K" on two solutions of (9) that start at different points? An estimate of this difference will be
very useful in the second case (for large times) of the proof of the main theorem and innovates
the methods presented in [4] and [17]. The estimate is provided in Corollary 10. Recall that
for each x € R?V, Z,xg}v RN denotes the process starting at point x at time s and evolving for

times greater that s according to the mean-field force K. That is, ers solves (9) with constant
initial condition x and initial time s. Furthermore Z,f‘sN has a transition probability dens1ty for

t > s since KV is bounded [21, Chapter 1, Theorem 10.2]. Since the processes Z,,S y aees Z,’fSN
are independent, the joint transition probability density ufﬁv (z1, ---, zy) 18 given by the product
ufﬁv @1y o) =l ury iN(z,). Here each term uf,’S"N is the transition probability density of Z,f;"N
and also the solution of the linearised Keller-Segel equation

i,N iN N i,N LN _
Oruys” =Aupe™ =V (f upe™), Uys =0y, (14)

where £V := y kV s p and pY solves the regularised Keller-Segel equation (5) with initial condition
po- Consider now the processes Z,?f’sN and Z; ’SN for two different starting points x, y € R*V. Tt is
intuitively clear that the probability densities u;‘?’ and uys N are just a shift of each other. The next

lemma gives an estlmate for the L™ norm of each ur o as well as for the distance in L™ between
any two densities u; N and uyy N in terms of the distance between the starting points x and y and the
elapsed time t —s
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Lemma 9. There exists a positive constant C depending on py and T such that for each N € N,
any starting points x,y e RN and any times 0< s <t < T the following estimates for the transition
probability densities u;’ resp s of the processes Z;' SN resp. Z; ’SN given by (9) hold:

i Nl <C((1=9)7"+1),

i N = e <C =92+ 1 r =Yoo

Proof. Both estimates can be proved in the same way. We just give the proof for part (ii), which
can be easily adapted for part (i). For simplicity of notation we assume s=0 and write simply ;"

instead of u;’ (’)N What we need to show is then that
4t =1 o S C (72 4+ 1) i =il

holds for each i =1, ..., N and for a constant C > 0 depending only on py and 7. We show this
inductively.

Let us then fix i€ {1,...,N} and define v,:=u;"—1". For a solution of (14) we see that

xi
Uy

t
G(t) %6y, — / G(t —s) =div (¥ fN) ds
0

t
G(t) % 6, — / VG(t—s)*wifN)ds, (15)
0

where G(t,x):= 2; - exp(——) denotes the heat kernel. By substracting the corresponding equa-

tions for u;" and u}" it follows
t
V= G(t) % (8,,— 8y,) — / VG(t—s) % (vfN)ds
0
and consequently, for p€|[1, co],
t
Vel , NG (@) * (6, — Syl , + /0 IV Gt —5)# (s fiV)l p ds

holds due to Bochner's Theorem. Next we use Young's inequality for convolutions*. We split the
last integral into two parts and use Young's inequality with different exponents for each part

t t/2
/0 IVG(t =) s, ds = /0 IVGG—9) % M, ds
; / IVG(t—5)5 af)1l, ds

t/2

12
< c/ VGG =91, sl ds
0

4. For two functions a,b:R" — R and exponents p,q,r €[1, oo] satisfying 1 +11;= %+% it holds

llaxbll,<lall, l1llg-
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t
+C ﬁ VG-l el . (16)
t

where C:=supog/<T I/¥ || is finite since ||pN ]| is equal to || ppl|1 and by Proposition 4 1AM || is
also uniformly bounded in t € [0, T] and N €N. The choice of the exponent »=3/2 for the norm
of VG in the second integral is as good as any other choice r €(1,2) since we just need the term
IV GIl, to be integrable in [0,7]. Observe that with the previous bound for ||v;||, and taking p,:=¢g
and p,+1:=p in (16) we find

t/2
vell .., < ”G(t)*(5x,-_5y,-)”p,,+1+CA VG =9l p,,, llvsll1ds

t
+C ﬁ VG- vl ds a7
1

where the relation between the exponents p,4+1=3 % follows from Young's inequality. There-

fore, if we are able to estimate ||v¢||; we can then iteratively estimate the L? norms of v; for higher
exponents. Since the function x— 3 fo on [0, 3) is strictly monotone increasing, grows to infinity
as x approaches 3 and its first derivative is non-decreasing, it is already clear that starting at p; =1
the exponent p; = co must be attained after a finite number k of steps. Specifically, if we take
p1=1, we reach the desired norm |[|v;|| «, after k=4 steps. Below we go through the first two steps
in detail, the last two can be completed analogously. We will need some estimates for the L”
norms of the heat kernel G and its derivative, which are given in Lemma 11.

Step k=1, py=1: We compute the first norm directly using a Gronwall-type inequality.

t
lvell1 < ||G(l‘,-—XO)—G(I,-—y0)||1+/O IV Gt —5) % v fi)l p ds

t
< IIG(l‘,-—xo)—G(t,-—yo)||1+/0 IVG@E =)l sl 1Y oo ds

t
X0 — Y0 _
< cl ,my |+C/(t—s) 21yl ds.
0

By Gronwall's inequality we find

|xo— yol . _12 .C [lt-0)"12d
vl < CEEFE 4 Clxg=yol [ 572t =) 2eCH e gy
0

|x0 — yol 12
< CT+CCCt |x0— ol

Here we used that the integral /(;s_” 2 (t—s)~"2 is finite since it can be split into

t t/2 t
/ S—1/2(t_s)—1/2ds=/ S—1/2(t_s)—1/2ds+/ S—I/Z(t_s)—I/ZdS,
0 0 12

and both terms are finite. Consequently
Ivelli SC @+ 1) o= yol

holds for a constant C depending only on supog<7 || f,N || co-
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Step k=2, pr= % Recall that the next exponent is computed via the relationship p,+1=3 %.
In this and the following steps we just need to substitute the found estimates into (17):

t
Ivellsn < ||G(f,'—xo)—G(t,'—)’o)||3/2+C_/0 IVG(E =930 vl ds

t
X —
c! 0,5/6yO|+C/ (= 5)" 55wyl ds

/N

N

Clx0 y0|+C|xo yol/(t )02 4 1) ds

7576

< Clxo Yol C —5/6 112 516 172

< 56+ lxo = yol (f $)” ds+ (l‘ 8)” ds
+C Jxg—yol t'7°

< CA 0+ 1B 418y Ixg —yol = C < 50 + 1) xg — yol-

The last two steps with k=3, p3=3 and k =4, p,= o0 are analogous.

O

As a consequence we find the following estimate:

Corollary 10. Let f € L'(R?) and define F:R*N — RN by Fi(z):= % Y isif @iz, fori=1,...,N.
Then,

[EFZE ) —E(F(Z5)) | C W =)+ D IIflli e =yloo
holds for x,y € RN te[0,T] and Z,’f;N ,Zi‘;_;N given by (9).

Note that the interaction force KV is a function of this kind.

Proof. Letie{1,...,N}.

EFE)=EFZ) =5 Y, / f@i=2)) 1) 1 (25) ey
Therefore i

[E(F(Z))i—E(F(Z))il =

Z / fGi=2) (20w (2) — ] (z0) 7 (z)) dzi dz;

/#l
< NZ ‘ / [@i—z)u(z) () (z) — ) (z))) dz; dz;
JF#L
+ / [@i—z)u(z) (' (zi) — u)'(z7)) dz; dz;
< Z Ul =15 Moo N 0l My 4+ Moty = 1) N oo ILf 24,711 1)
J=/=l
< ZC(t 2 D) e = yloo NI el + N el 1)
J#l
< CE2+ DI =Yl

by Lemma 9. Ll

We finally collect some standard estimates for the heat kernel which we required in the proof
of Lemma 9.
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2
Lemma 11. (p-norm estimates of the heat kernel) Ler G(t, x) := 21” exp(—%) and p € [1, 0].
Then there exists a constant C >0 such that the following holds:

) 1 1
i. NGONp<C =7 and V-Gl p < C =7
ii. |G(t,-—x0)—G(t,—yo)ll,<C l)i(/)z ff,’,'

Proof. i. ||G(z)||p<cﬁ for pe[1,o0].

For p= o the statement is clearly true.

s o\ 2\
2m</e"p< T A
C 1/p
t1_—1/p< / exp(—p Iylz)d2y>
C 1/p
l,l——l/p< / e><p(—|y|2)d2y>

_C
tl—l/p'

For 1<p<o

NGOl

/N

Next we show that ||V, G(1)||,<C r3/2+”1’ for pe[1, o]. For p= o0, since a exp(—a) is bounded,

one has
C Ixl kP _ C
=an m P — 57 )S o

IV.G(t,) = W
V=5 tzexp 37

for (r,x) € R{ X R%. For 1 <p < o:

V.Gl = 21t2</|x|pexp<_p| o ) )
1/p
t3/2 7p (/Iyll’exp( —ply>d? )
1/ y
W%(HVVGXP(—M) ) p( exp<—l%y|2>d2y> !
2 2
(DA )

32=Tip
ii. Let V(¢,x):=G(t,x—xp) — G(t,x —yp). For p= o0, it follows from part i that

N

/N

N

/N

An=1/p"

V(01 < IV G0l Yo —yol < C 'x‘)my ol

For p=1 one can directly compute

|xo—yol
IV Hlh<C AToa
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For 1 < p< oo then

IV, < IVENEP v, )I”

c lxo—yol \?~V' ( |xo—yol \ /7
T R

|xo = yol
Aa1p

/AN

5. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1. We show that if the regularised real trajectory XV given by
(6) and the regularised mean-field trajectory YV solving (7) start at the same point then for given
T>0,ae(0,1/2)and y >0

[I3’< sup |XN =Yoo ;N“’) <C,N77

0<t<T

holds for an appropriate constant C, = C,(y, po, T,a,y) and for all N larger than some Ny = Ny(po,
T, a). This is done by two slightly different methods, depending on how big the elapsed time is.
For short times the proof follows quite directly from a local Lipschitz bound of oder log N for KV.

. . . . N .
For large times it gets more involved and we need to introduce the new process fog N starting at

an intermediate time s € (0, ¢), which we show to be close to X and to Y". Recall that thg Nis
given by (9) with initial condition ngng =XV. In order to simplify the notation we will omit the
superindex in Z,{(SSN’N referring to to the initial condition XY and denote just by Z,,’\_’Y the solution of
(9) with initial condition Zﬁs =XV In particular, the identities Z,% =YV and Z,{\; =X" hold.

It can clarify things to first present the main ideas in a simple, intuitive way before we start

with the actual proof. Let us already fix 7>0, € (0,1/2) and 6:= % (% - a) >0.

Sketch of the proof.

We show that the real and the mean-field trajectories remain close by controlling the growth
of their distance |Z,; — Z, 9|l The derivative of |Z,, — Z; ol is bounded by the difference of
the respective forces KN (Zﬁ) - KV (Z,%)Ioo, which we can prove to be sufficiently small if we
previously assume that the particles are close enough, more specifically if |Z;; — Z; ploo S N™%
Since under this assumption we are able to show that the difference |Z; , — Z; ol goes to zero as
N — oo faster than N™%, or equivalently that N* |Z; ;—Z; 0|, — O, the initial condition |Z; ;— Z; ol <
N™%1is actually harmless. This idea can be formalised by considering the following object:

JV:=min {1,N*|Z,— Zioleo}, O<t<T.

The corresponding object in the real proof looks somewhat more complicated, but the underlying
arguments are the same. The time derivative of JV is less or equal than O on the event {|Z;, —
Ziolee > N™%} (since in this case JV attains its maximum value 1). Therefore, we just need to
control the derivative of N*|Z, ;, — Z; olc When |Z; ;—Z; o|.o < N™% Let us then look at the growth
of the scaled difference N* |Z,{\; — Z,%loo:

d
GV V2= 2l < NUIKNZ) - KX (Zlo)

N KNZN) - KNZN) 1+ N KN (ZN) — KN (ZN).-

NN
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From the law of large numbers (Proposition 8) for the i.i.d. random variables Z,{()N s oo Z%’N it
follows that the last quantity is small with high probability. Moreover, thanks to the the local
Lipschitz bound for the interaction force KV (Lemma 7), together with the law of large numbers
we can show that KV is locally Lipschitz with bound L(N) ~log N. With this we can prove that,
it |Z;,—Zi0leo SN, then

—N"I 1~ 7N < N*logN|ZN—ZN|+N~?

holds with high probability. Then Gronwall's inequality yields the desired result, but only if the
time ¢ is small enough, since we obtain

Nz} - ZN <tN~deeN,

which goes to zero as N grows to infinity if 7 € [0, 7p], with 7o~ (log N)~* (or 7y < 6, independently
of N).

If ¢ is bigger than 7( we proceed in a different way, combining the above idea for small times
with the diffusive effect of the Brownian motion. We introduce the new process Z,,}Yg starting at
position XV at an intermediate time s € (0, r) and show that it is close to XV and to Y". The
intermediate time s € (0, ¢) is chosen such that r — s < 7y, so that Z,{VS is close to Z,{\; by the same
argument as before (under the additional assumption IZ,Z\; - zN 75l < N™%), but still not too small
so we can control the distance between er and Z 0. For the latter we make use of an ent1re1y

different argument: we do not compare the trajectories but the probability densities of Zr,s and Zr,O-
Both processes evolved during a period of time (7 — s) according to the mean-field dynamics and
starting at time s from their respective positions ZﬁvY and ZNO If we also assume that ZﬁvY and Z}v
are close, i.e. if |ZN Zs 0| <N 79 then their probability densmes areclosein L™ asa consequence
of the diffusion (Lemma 9). The additional conditions |Z% tt— ,,SI <N “%and IZQQ 5.0 MI<SN~®are
included into JV as

JV:=min} 1, sup N*|ZN—ZNl|, 0<r<T.
0<7<s<t

This object still differs from the one in the real proof by some extra factors, which have the only
purpose of improving the rate of convergence.

Proof of Theorem 1.

As we previously argued, instead of directly considering the evolution of the difference IZ,}x -
Z,%loo we work with a more complicated but technically convenient stochastic process. For 7' >0,

a€(0,1/2) and 6= % (% - a) > 0 fixed at the beginning of the section we consider the auxiliary
process

J! .—mln{l sup eNT =9 sup (N*fiy(s—17)|ZN,— ZﬁV,m+N‘5)}, 0<t<T, (18)

0<s<t 0<7<s

where Cy := 18 (log N)**and fy: [0, 00) — R is a positive, monotone decreasing, smooth function
satisfying

4 —
Foty=1 Toav oy 012 0gN)™,
1, t>4(IogN)™,

and —ClogN. f;%(t) < fy(t) <0, for some positive constant C, t € [0, 00).
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As we shall see, the process JV helps us control the maximal distance IZQQ — Zﬁf’,lDo for all
intermediate times and the parameters in J» are optimised for the desired rate of convergence. We
now explain how to express our problem in terms of this new process. For s> 7 >0 let

a(t,8):=Nfy(s—1)|ZN; = ZV| o + N°. (19)
Since for each r the bound

sup N*|Z; = ZNoleo < sup eYT=9 sup a(z, 5)
0<s<t 0<s<t 0<7<s

holds true, J,N< 1 implies that sup eCv(T=s) sup a(z,s) =J§V <1, and supogs<: |Z£YS—Z£/0|DO <N7*
0<s<t 0<7<s

follows. Moreover, since e“¥T grows slower than N for any & > 0, there exists Ny & N depending
on T and a such that if N > N, then J) = e N9 is bounded by some constant, say 1/2.
Therefore, we can estimate

P( sup |Z%—Z%|M>N-“> < PUY> 1)

0<t<T
PUY —JY >1/2)
2EUY -1

T
=2 / ED; JN)dt,
0

where D; denotes the upper right Dini derivative given in Definition 12 at the end of this proof.
This definition is followed by Proposition 13, where the Fundamental Theorem of Calculus for
this notion of derivative is stated, together with a few other relevant properties. Finally, we
provide in Lemma 14 a formula for computing the Dini derivative of functions like J; defined
over suprema of other functions.

For a given y >0 the problem then reduces to finding a constant C, such that
EDFINYKC,NY,  te[0,T).
Let us next compute the Dini derivative of JN (18) using Lemma 14. Note that we can write it as

JN= min{ 1, sup g(r, s)},
0<T<s<t
where

g(z,5) =eNT= (N fy(s— 1) |ZN; = ZV:| oo + N 7). (20)
It is clear that D; JV < max {0, D/ SUpo<r<s<r 8(7, 8)}. Moreover, the function g satisfies the
conditions of Lemma 14 below. Indeed, the diagonal points are minimal for g so the supremum

cannot be attained there or g would be constant. We now show that g has finite right upper Dini
derivatives in both variables and that Dy g is continuous. The function

A)
o(t,s):=2ZN 7N = / (KNZN,) - KY(ZN ) du

is continuous, Lipschitz in 7 and in s and has a partial derivative wrt. s. In particular, |Z£Ys —Zgrloo
is Lipschitz in 7 and s, so its right upper Dini derivatives in z and s are finite. Since 0*max {f,
gl=max {07 f,07g} if f and g are right-differentiable, it follows that

2% N N N N N N
D:lzs,s - Zs,r 00— a;rlzs,s _Zs,r 00— |a;{_(zs,s - Zs,r)loo-
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Finally, from the sum and product rules (Proposition 13) it follows that Dfg and D7 g are finite
that D g is a continuous function, namely

D/ g(z,5) = dfg(z,s)
= —eNT=9)(Cya(r,s) — N*fi(s— 1) |ZNs— ZN;|)
+eNT=IN fy (s —7) [KV(ZYD) = KY(ZYD) 21)

where a(z, s) is defined in (19). We can then apply Lemma 14 to the function supog.<s<: 8(7, S)
with the set of boundary maximal points

M= {(‘r,, 1):0<7,<t, sup g(z,8)=g(7, t)}
0<r<s<t
and find the following estimate:
5,+ng < max {O, sup B;Fg(‘r, t)}.
(r,NEM;

If M, =@ then D;JY <0 and there is nothing to prove, so we assume this set is not empty. Then
there exists (7, t) € Mt where the supremum of D g over M, is attained (by the continuity of
Di g and compactness of M,). Let us continue by trivially reducing the problem to a smaller set
where IZQIS - ZQ@IDo <N~%holds for each 0< 7 <s<7. Consider the event &/,:= {D;JV >0}. Since
o, C{D¥g(z,,1)>D;JV} it holds that

ED;IN)=EDF TNt +ED; TN |4 <O+ ED] I | SED{ gz, 1)), (22)
where by E(X|A) we denote the restricted expectation of X to the set A, i.e. E(X 14).
We shall prove that the latter is bounded by C, N~ for some constant C, > 0. Note that in &/,

one has J;V < 1 and in particular supogr<s<t |Z§YY — ZQ’T o SN holds. As a first estimate we can
prove that in this set the bound D g(z;,7) of the derivative D;'J)¥ grows slower than N?: Using that

/it —7)|= Clog Nfi(t— ) < C (log N)*?
and
KNz - KN (Z))|< CNe,
we find that in &/, and for each 0 <7<t

Dig(zr,t) < N0 (Cya(r,t)+N|fy(t— || ZN—Z%))
+eNTONf(t — 1) [KN(ZN) — KY (Z))]
< CeYT=D((logN)¥* +N*(log N)** N~ + N* (log N) " N¥)
< CeOTN32 <CN>. (23)

With bounds (22) and (23) in mind we proceed to show E(D;" IMN) < C,N77. For t € [0, T] and
(7, t) € M, where the supremum of D{g is attained we need to distinguish between two cases
depending on the difference ¢ — ;.

Case 1: t—1,<2(logN)~\.

Here we show that D{g(z;, t) < 0 holds with high enough probability. The most important
ingredient is that with high probability the regularised force K" is locally Lipschitz with constant
of order log N, and this bound is good enough for short elapsed times. In order to develop this idea

let us first recall the result of Lemma 7 applied to K. In the notation of Lemma 7, K" is equal to
K™ for v(N):=N® and so it is locally Lipschitz with bound LY™), which was defined as

L0 o= Y V=), 1w RV
J#
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for

16 -1
— >
lV(y)={|.v|2’ M4 ere,

v vl<avT
Let us just write LV instead of L") and denote by LY the averaged version of LV given by
LNy = x5 o) 0.
Then, from Lemma 7 it follows that if x,y e RN |x— V] SN7%, then
KV (@) = KNOIS2ILN ) 1=yl (24)

Notice that ||LV||s is of order O(log N): Indeed, I"™) = ZY(N) + lzc(,N) e L'(R?) + L®(R?) with
integrable part satisfying ||ZY(N)|| 1=0(ogN) and pY is bounded in L'(R?) NnL®(R?) uniformly in
N andre[0,T]. If LV is close to LY, then K" is locally Lipschitz with a constant of the appropriate
order. We also need that KV be well approximated by the mean-field force K" acting on the i.i.d.
particles YV. In this spirit we introduce the set

Bl = (KN - KN (YN <N~ n (LN YY) - LY (YL C), (25)

where the two desired properties hold. Moreover, as a consequence of the law of large numbers
(Proposition 8) the measure of the event Q\%, decays to zero as N grows to infinity faster than
any polynomial in N (see Proposition 15 at the end of this section).

Recalling (22) we write
E(D;JY) SE(Dy g(zi, )|t )= E(D¥ g(z:, )| A \B) + E(D g1, 1)1/, 0 BY). (26)

Since Dy g(z,, t) grows in the set o/, only polynomially in N by estimate (23), by Proposition 15
we can find a positive constant C, such that the first term in (26) satisfies

E(Ds g(z, )| A\BH K CyN7. 27)

It is therefore enough to prove that [_)QLg(T,, 1)< 0 holds in &/, N ,%’}
Note that D g(z,1) <0 holds if the following inequality is true:

=) |KNEZN) - KN ZN)| < =fit =) |1ZN -7V,
+Cv (fn(t =) |1ZN = ZN, | + N~ (28)

We next estimate the term |K (Z,{i) -KN (Z,{Vr,)| in the set in o/, %, by splitting in three:

IKNZN) - KN(ZN) < IKN@ZN) — KN 2N+ KN (20 - KY (20
+HEY(ZN) - KN Z).

The last term is the least problematic, since the function K?" is globally Lipschitz. The middle term
is small in the event %, by definition (recall that Z,% =YY). For the first one we use that in this
event the force KV is locally Lipschitz with bound of order log N: with (24), |Z,{\; — Z,%l <N %in
o, and [LN(Z)) — LN(Z))| < C in B} we find

IKNZN) = KNZN) < 21N EZIONZN - ZD <2 (C+ 12N M| o0) 12— 21|

2(C+logN) |ZN—-ZN).

N N
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Consequently,

IKNZN) = RYV(ZN) < IKN@ZN) = KNEZM)+ IKNZN) - B (Z0)
+KNZN) - KN (ZM)
2(C+1ogN) |ZN—ZN |+ N=@ 4 17N - 7]

<
< QlogN +2C+L)|ZN—ZNI+L|ZN - ZN, | + N~@+9),

where L is the Lipschitz constant of KY (uniform in 7€ [0, T7]). Now observe that, by the definition
of JV, f(t—s) |Z,}x — Z,{Y;l D) |Z,}x — Zt,Nr,l holds for each 0 <s<t. Therefore, we can choose
a maybe greater Ny, depending now also on the Lipschitz constant L, such that for N > Ny we have

2(C+log NP =TN 7N _ 7N | 4 117N — 71, |+ N~@+)

KNz - KN (Z)] < o
<3 log Nfn(t—1y) |Z£\; _ng,vr,l +N—(a+5)
f[\”(t_ff) N N CN _( +5
L ——F=ZYN =70 |+ ————N @ ),
G 1= 21z v —1,)

v_vhich proves (28). Here we used that 1 < f < Cy and 3log N, 3t —1) < —fR(t—1). Consequently
D¥g(1;,1)<0 holds in the set of/,N B} and with (27)

E(D/JY) <ED{ gz, 1) \B}) + E(D{ gz, 1)/, N BI) S C, N7

as required.

Case 2: t—1,>2(logN)~".

The key now is to introduce the process Z,{Vs starting at an appropriate intermediate time s € [0,
t] and show that it is close to both the real trajectory X and the mean-field trajectory Y;¥. That it
is close to the real trajectory is proven by the same argument as in the previous case, using that the
elapsed time 7 — s is small enough. We compare Z,{\_’Y to the mean-field trajectory by proving that
their densities are close in L thanks to the diffusive effect of the Brownian motion (Lemma 9 and
Corollary 10). We also need to split the interaction force KV into KV =KV +KY, where K is the
result of choosing a wider cutoff of order (log N)~*? in the force kernel k and the most singular
part is “isolated” in K := KN — kY. More precisely, in the notation of Lemma 7 let k3 == k"2 for
va(N):= (log N)7>’> and define kY :=kN —kY. Fori=1,...,N, the i-th components of KY and KY
are then given by

KO, ooy) = =% Y R @=x), (1, xRV,
J#i
and
K, o) = =% Y B i=xp), (61, RV, (29)
J#l

We denote the local Lipschitz bound for K2 given by Lemma 7 as LY := L™ and its averaged
version as l_/]lv ,» defined analogously to LY. Let us denote by 98? the intersection of the set 3,
from the previous case and the set (LY@ Ny - YN < C) concerning the Lipschitz bound of
the second part Kb of KV:

B2 =B {ILY (YN - LY (YL C). (30)

We write again

ED;J) <ED; gz, 1)t ) = E(DY gz, )| ANRBT) + E(DY gz, )| 10 BY).
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The first term is bounded as in the previous section: due to the exponential decay of the measure of
oA \B? (proven in Proposition 15 below) in contrast to the milder polynomial growth of D{ g(z;, 1),
we find a constant C, >0 such that

E(D g(z, )| A \BH K C,N7. (31)

It remains to show that also E(D{ g(z,,7)|</,N BH< C, N7 holds (for a possibly different constant
C,, which we do not rename for simplicity of notation).

Notice that E(D¥ g(z,,1)| ;N %) < C, N7 holds if the following inequality is true:

v =) EAKNZN) - KV ZV) AN B < —fr(t— ) ENZN—Z. || B?)
+Cnfv(t— ) E(ZY — Z0Y | 0 BY)
+CyN~ @+ p(of, N B7)
+C,N77. (32)

To this end we write as before

IKN(ZN) = KNz < IKN@ZN) = KV 2|+ KN (Z2%) - K (Z0)
+IKN(ZN) - KN (ZM). (33)

The last two terms can be bounded in the same way as in the previous section, but for KN (Zﬁ) —
KN (Z,%)l we can no longer use the corresponding Lipschitz bound from Lemma 7 directly. Here
we need to add the intermediate time s =¢— (log N)~*2 and to split the force into KN =K} + K% as
described in (29), which results in

IKNZN) - KN EZN| < 1KV @ZN) - KV @1+ KV (Z) - KNz
IKN(ZN) = KNZN)| + [KY (ZN) - KY (20

+IKY(ZN) - KY (20 (34)

<
<

We can now use the Lipschitz bound for the first and third terms in (34): By (24), in o/, N %7 it
holds that

IKN(ZD) - KN(ZN) < 21LN@ZM)NZN - ZN]
6 (C+ILNMw) 12— Z,

<
<
< 12logN 2N -7
<
<

I—7
1210gN%|ZZX—ZZYﬁ|

6(log NY*'* fiy(t =) |1Z5 = Zi% |, (35)

since fy(s — ) | Zs,s — Zs,| < f(t — 1) |Z% — ZN, | is true for each 0 < r < s < ¢, and fy(t — s) >
2 (log N)'"*. We analogously obtain the following estimate for the third term in (34)

\KY (ZN) - KY (ZM) < 2108 oz -z
< 21 Nl + O 12N~ Z1)
< 4loglogN |ZN - ZN)
1 1
4loglog Nfy(f — —t— | |ZN=ZN.
g g fN( Tt)(fN(t_s) fN(t)>| t,t t, rl

8loglog Nfy(t— 1)) |ZN—Z. . (36)

/AN

/AN
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The estimate provided by the local Lipschitz bound from Lemma 7 works for |K™ (Z,}x) —-KN (Z,{Y;)l
and |KY (Z,,’\;) - KY (Z,%)l because in the first term the elapsed time ¢ — s is small enough (so we
can compensate the log N order coming from the derivative of KV with (fy(tr — 5))~!) and in
the other one the force K} has a milder derivative which is only of order log log N. For the
remaining term |KY (ZY) — K7 (Z™))| in (34) we use that the probability densities of Z/%; and Z\, are
close in L* by Lemma 9 and its Corollary 10. Note that in order to complete the last argument
we need independence of the particles and, although the mean-field particles Z,{()N y ey Z%’N are
independent, this does not hold for the particles Zrl, ;N , ...,Z,,AQ’N (recall that by definition Z,{Vs =Z,)f§,

and that Z%=ZI§V for £ >s). For this reason, instead of considering the processes starting at time
s at the r.v. X and V¥ respectively, it is convenient to first fix the starting points at time s to be
some given points x, y € R*N and to compare the corresponding (product distributed) processes
Z,’f’sN and Z; ’SN . This being done, we can recover the original processes Z’s and Z,% by writing
E(KY (1) - KY (Zo)llA:n GB?) as

/ E(|KYZ5 =KV (7)) |10 B7) POXY € dx, VY € dy). (37)
RS VANANCAYH) ’

Let us then fix x,yeR?" and write
E(KYZN -V (2N 10 B2) = E(KYVEZE) - KY (20N |1t e BNE?)
+E(IKYZ) =KV (2 10 B2 6}),
where we introduced the new set
& = (IKV(Z5) - EKY (Z5) | < Nty
N{IKY () ~E(KY (Z2)) < v}, 68)
for s =t — (log N)~*2. By Proposition 15 below the measure of the set Q\&} is exponentially

small. Also note that the bound given in Proposition 15 does not depend of the points x,y. Since
Kjlv is of order O(N®) we can find a constant C, >0 such that

E(|KYZN - KV (2 It n BNEY) < C N7
Next we estimate |KY (Z,ff’sN y—KY Z “M)| in the set o/,N B?NE>>. We write

KV ZE KV (27| < KV @ —E®RY @)+ KY (20Y) - E(KY (200)]
HERYZ) - E(KY (ZY))].

In € the first two terms are bounded. For the remaining term |E(KY (Zt’f;N ) — E(KY V74 M)
we use the following fact: both processes Z,’f;N and Ziv,;N evolved according to the mean-field
dynamics during a period of time ¢t — s, which is long enough to ensure that the densities of
Z,’f’sN and Z,’:’SN are close if their starting positions x and y are close. It follows that the differ-
ence I[E(KjlV (Z,’f’sN ) — [E(KllV (Z,:‘; ’SN ))| is also small in that case (Corollary 10). More precisely,

Kz -KY (20| < IKY @25 —E®RY @)+ |KY (203 - E(kY (2Y))]
HEKYZEY) - E(KY (72)]

_ X —
< 2N
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is true in the event o/,N %7 N &, Consequently the expected value in &/;N B? for fixed starting
points x,y can be bounded as:

X — —_ —
E(|KYZ) - &Y (22N \otin B2) < (tl_s)y3|,2 1KY Nl +2 N~ P, B +C,N 7.

Using this bound in (37) we find an estimate for the original processes

E(Z55— Zooll N B7) |
(f—S)3/2 ” 1”1

2N~ P(of, N FB7)
+C,N~7
< (log Ny E(ZY—Z0l1 ot N B?)
2N~ P(of, N FB7)
+C,N77,

E(KY 2 - KY Moot n B <

where for the last inequality we used that ¢ — s = (log N)~*? and MRS (log N)=32. Conse-
quently,

t— T
E(KY(ZY) — KV @0 BD) < (logN>3’4fN]$ - )’) E(ZY— 21,0 B2

2N P(of, N B} +C,N 7
< (log N fy(t —v) E(ZN = Z): |10 BY)
2N~ It N BH+C N7,

Together with (35) and (36) this covers all three terms appearing in (34). We can adapt No e N
chosen at the beginning of the proof so that for N > Ny:

E(KNZY) - KNZON A n B < TogNY fiy(t— 1) E(Z — ZIY, || 0 BE)
+8loglog Nfy(t — ) E(|1Z)N — ZN. ||, B?)
+2N~FOIP(of, N B2+ C,N7

< 8(log Ny fiy(t— ) E(1ZN - ZIY ||t 0 B?)
+2NHIP(of, N B} +C,N77.

Going back to (33) we use this last estimate for the first term, the bound
IKN(Z0) = K (Z7p)| S N~et)

in o/, N 987 for the second term and the Lipschitz continuity of KN

In@—7)
KN (Z2%) ~ KN ZV)I < L1Zx ZrNr,|<L(1+ [0 )l A

for the third one. Bringing everything together, (33) becomes

E(KNZ — K ZN)N ot :n B < 8(logN)YY fiu(t — ) E(1Z) — 7)Y, 1o/ . BY)
+2N~ @I P(of,NBF) +C, N7
+N- D P(of, N\ B7)
+L (1+ fy(t =) E(Z0N = ZP' ||t 10 B7)
< 9(ogN)¥ fiu(t =) E(1Z) — Z}Y, 1ot 1 BY)
+3N" @I P(of, N B +C, N7,
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which is true if N is greater than some new Ny depending now also on the Lipschitz constant L.
Finally, from fy(z — ;) <2 it follows that

E(KNZY) - KN ZM) B < 18(logNYHE(ZY—Z |l 0 B
+INCFIP(of, N B} +C,N77,
proving (32). As a consequence of (31) and (32)
E(D;IY) <E(D{g(z, )|/ \B}) + E(D; g (v, )| AN B <2C,N7=:C,N7.

Dini derivatives and the derivative of J,.
Here we define the derivatives in the sense of Dini and provide a necessary result for com-
puting the derivative of J;.

Definition 12. (Dini derivatives) For any function f: R — R the right upper, right lower, left
upper, left lower Dini derivatives are defined, in that order, as

D*f(x):=lim supf—(x i h;l S, D*f(x)= liminf foeth) = f0) h;l — S

h—0%
D_f(x)::limsupfw f(x'l'h;l_f(x)‘

, D :=liminf
h—0" D oo

For any function g:R? — R and any normed vector ve R the upper resp. lower directional Dini
derivatives of g in the direction v are given by

SEhY) =g o

D,g(x):=limsup A /
h—

h—0%

inf STV —8(0)
o+ h

We denote by D, D (resp. D; D) the directional Dini derivatives in the direction e; (resp. —e;).

Note that the Dini derivatives are always well defined (taking values in [—o0, c0]). Moreover,
for locally Lipschitz functions they are finite at every point. For differentiable functions, all four
Dini derivatives coincide and are equal to the derivative. Similarly, if a function f is right-differ-
entiable, then DT f=D*f=0"f.

Proposition 13. (Some properties of Dini derivatives) Let f,g: R — R be continuous.
i. D*(f+8)<D*f+D"g.
ii. Iff>0, then D*(fg)=fD"g+gD"f.
iii. [13, Theorem 11] Iff has a finite Dini derivative D at every t €R, then

b
f(b)—f(a) =/ D¥f(1)dt
for each interval [a,b), provided that DY f is Lebesgue integrable over [a,b].

The proof of the sum and product rules are an easy consequence of the properties of the limit
superior. Some other properties of Dini derivatives can be found in [20].

5. The following result [13, Theorem 3] is also enough for our purpose and can be proven in a much simpler way: If f has a finite
Dini derivative D* at every t €R, then

b
FO) - f@)< / B fyde

for each interval [a, b], where Tab denotes the upper Riemann integral.
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Lemma 14. Let g: [0, T]1 X [0, T] = R be a continuous function with finite Dini derivatives and
such that the right upper Dini derivative in the second variable Dy is continuous in the first
variable. We define the function f (¢) :==supo<r<s<:8(7,s) fort €[0,T]. Let M;:={(z,5):0<7<s<t,
f@) =g(z, s)} be the set of maximal points for g and assume that none of these points is on the
diagonal, i.e. M;N{(s,s):s€[0,T]}=@. Then

D' f(r) <max {0, sup Eﬁrg(r,s)}.

(r.s)eMn{s=t}

Proof. Let A;:={(7,5):0<7<s<1}, 0<r<T, be the triangle where the supremum in the definition
of f(r) is taken. We consider two cases.

Assume first that there exists (z, s) € M, with s < . In this situation it is clear (since g is
continuous) that g(z, s) is also the supremum of g over A, for small enough 4 > 0. Therefore,
f(t+h)=f(t) for h in a small right neighbourhood of 0 and so is D*f(¢) =0.

Next assume that the previous situation does not hold, that is, that the supremum of g over
A, is only attained when s =¢. Let M, = {(z,s) € M;: s = t} be the set of such maximal points.
For (z, 1) € M, we also know that the coordinates must satisfy 7 < ¢, since we assumed that the
supremum is not attained on the diagonal. Furthermore, it holds

Dig(z,H)>0 and Dig(z,0)<0, (r,t)EM, (39)

We only prove the first inequality, the other being analogous. Assume to the contrary that Dy g(z,
1) <0. Then, by definition,

il’lf g(T+5,f) _g(Ta t)
h<6<0 )

<0, foreachh<O.

In particular there exists a sequence 6, /' 0 such that g(z + 6,,t) > g(r, t), which contradicts (z, )
being a maximal point. Next we prove that the direction of maximal growth for (z,7) € M, is the
e direction. It is already clear, since (z, f) is a maximal point over A, that Evg(r, 5) £ 0 for any
direction v=(vy,v») with v, <0. Let then v with v, >0 and |v|=1. It holds

g((z,5)+hv)—g(z,5)

D,g(z,s) = limsup 7
h—0%
< limsupg(‘r+hv1,s+h\;lz) —g(t+hvi,s) +limsup g(r+hv1,}f) —g(‘r,s)‘
h—0* h—0*

The second term is equal to

glz+h,s)—g(r,s)

vilimsup 7 =v;Dig(z,s), ifvi=0
or to h=0
viliminf g(”h’sz_g(f’s) =y Dig(z,s), if vi <O.

The first term is smaller or equal than

g(t+hivi,s+hovo)—g(t+hivy,s)

T volimsup D3 g(t +hyvy,s)

h1—0%
A
va D3 g(z,s),

limsuplimsup
=0t hh—0t

by the continuity of D7 in the 7 direction. Therefore,
Dyg(z,s) Smax {—|vi| Dig(z,s), lvi| Dig(z,5)} +v2 Dig(z,s), v2>0.
With (39) and 0< v, < 1 we find for (z,7) € M,
Dg(z,1)<D3g(z,1), v220.
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Since D3 g(r, t) is continuous in 7 and Mt is compact there exists (z, t) € Mt such that D3 g(t;,
1)=SUp, e MrDQL g(z,1). Then
fa+6)—f@) _

lim sup = lim sup
h=0%0<5<h h=0%0<5<h

g(TT,t+6)_g(TT’ t)

5 =D3_g(rt’t)'

Note that although the set M, is certainly non-empty, it might happen that M,=@. In this case we
are in the first situation, D* f(¢) =0, and with sup @=—oo the bound is still valid. O

Measure of the exceptional sets.

It just remains to estimate the measure of the complementary sets of %}, %? and € as
defined in (25), (30) and (38). The constants 7 >0, a € (0, 1/2) and 6> 0 are the ones we fixed at
the beginning of this section.

Proposition 15. (Measure of the exceptional sets) For each y >0 there exists a positive constant
C, such that

i. P(S) US,ZUS?) SCyN77 foreach 0<t<T, where
St = {IKN () = KY (Y1) 2 N~
St = (LN =LY ()l 2 1}, St =LY () =L, (Y1)l > 1.
Consequently P(Q\%)) < C,N77"and P(Q\%?) < C,N77 hold for each 0<t<T.

ii. P(IKIIV(Z,)f’SN) - [E(K{V(Z,ff’s}v))lDo >N~ C, N7 holds for any x€R* and any T > t >
s =0 satisfying t —s = (log N) ™" for some r >0. Consequently, [P’(Q\‘gf’y) <2 C, N7 for any
X, yE RN and 0<s<t<T.

Proof. Fix y>0.

i. First note that the mean-field force I?,}Yi(YtN ) can be written in terms of the expected
value of KV as I?,Y,-(Y,N) = [E(_i)(KfV(Y,N)) and therefore the first set S/ is equal to the set
{supi<i<y IKfV(Y,N) - [E(_i)(KfV(Y,N))I > N~@+9} Moreover, Y/, ..., YV are already pairwise
independent and the L®-norm of its probability density pY is bounded uniformly in N and r €
[0, T'1 by Proposition 4. Therefore, from Proposition 8 follows the existence of a constant C, >
0, independent of ¢, with

PSH=P(K¥ (M) =K (¥V)| =N~ C,N77,

foreach r€[0,T].

The remaining sets S7 and S; can be expressed in terms of the expected value of LN resp. L) in
an analogous way. Also note that both |V _"Lfv (x)] and |N “”L’ZV,-(x)l are bounded by C y min {N¢,
|x|~"}. Proposition 8 then implies for S7 that

PALNY) - LY (Y2 1) = PNV LN =LY (V) =N""
< PNV YY) =LY (V)] 2 N~@¥9)
< CyN_y,
and in the same manner that P(S?) =P(|Ly(Y) - IY (YM)| > 1) < C, N7 for each t €[0, T].
ii. Let T >t > s> 0 be such that t — s > (log N)™" holds for some r > 0. First notice that
RN the processes Z,f;l’N ) e Zt’f;N ‘N are pairwise independent.

Furthermore, the probability density uféN of Z,)f;i’N satisfies

for each fixed starting point x €

I o < C((t = )"+ 1) < C (log NY'
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fori=1, ..., N, by Lemma 9, meaning that the growth of ||uiﬂ§’N||°o is only logarithmic in N

and consequently condition (12) is fulfilled independently of the times ¢, s and the exponent r.
Therefore there exists a constant C, >0 such that, for any such z,s:

PIKY(Z5N) —ERY(ZEN)) o 2 N~ < C, N7 O

6. PROOFS OF PROPOSITIONS 4 AND 5

Proof of Proposition 4.
One first proves the boundedness of p in L? for each 1 < p<o0. The L™ estimate follows from
this fact and the boundedness of V¢ =—k * p by an iterative argument.

Step 1: Uniform bounds in L?, p < co.

Notice that under our assumptions py is in LP(R?) for each p € [1, oo]. Then p € L¥(0, T;
LP(R?)) for any T>0 and 1 < p < o0, and the same holds for p" with bounds which are uniform in
N. See either [3, Proposition 17] or [9, Lemma 2.7] for the proof for p and [3, Lemma 13] for V.

Step 2: Uniform bounds in L™.

For this step we follow [5, Lemma 3.2] and [16, Lemma 4.1]. The second reference is much
more detailed but only handles bounded domains. The proof can nevertheless be adapted for the
whole space R? as described in the first paper.

For readability the following computations are performed only formally. One can write the
same proof for the solutions p" of the regularised equation (5) and then deduce the result for p by
passing to the limit (recall that p¥ — p weakly by Theorem 3).

Let p, == (p — m),. First notice that Ve = —k * p is in L2(0, T; L¥(R?): ||k * plle <
C(llplls+lplly) since k € L¥?+ L™, and the right hand side is uniformly bounded by the first step.
We then prove the inequality

d
3 [ Phdx < —pz/pidx

2
+Cp4( / p,’;’zdx> +Cp?, (40)

for some constant C depending on [|V¢|| -

From this we will conclude that sup;e(o, 71 l| ol , is bounded independently of p. The proof is
then complete after taking the limit p — oco.

We first multiply on both sides of the Keller-Segel equation (1) by p,’,’fl and integrate to find

1d _
l—)a/pfidh/V-(VpH(Vw)pZ L

Let Q,:={p(t) >m} and notice that Q, is uniformly bounded: 1=||p(#)||; =m |Q;]. Then the integral
on the right hand side equals

-/ (Vo+x (k#p)p) Vol
= —(p-1) / b1V ol

+)((p—1)/pp,’,’f2Vc-me

Lv-(Vp+;((k>:<p)p)p,’,’;l

= —(p-1) / 22Vl 2 (p—1) / Ve Vo

+xm(p=1) / Ph VeV,
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Using that pP P2y pP? = £ pb=® 2Dy, for any k €R the last expression equals

4p=1) o 2200 [ pn n . 2ymp=1) _on n
—I;—z/IfoL |2+”+/p,’,’1 Ve-Voh, +m+/p§f 2V VP,

For the last two terms we use the following Young's inequality, |a - b| < % la|* +|b|? for a,b e R?,
and find

2 -1
00 [oPve 2vr< 2D [92p s 2 p-nivel, [ o

and
— 2 -1
(P—l)/)(mp,(,f 2)/2Vc-[—7VpZ/2 < (pp—z)/WPZ/ZIZ
+ (=) Vel A o2
-1
< (Pp2 )/IVp,’i,/zlz
+Cp=DIVel, | @D
Q;
= p2 Pm p Cllso | P
+C(p—D|IVell% 1€,
Altogether

d 2(p—1
R —% / VPP Cp(p= D IVell% / P+ Cp(p=D) Vel
< —/|Vﬂ,i/2|2+c[72/ﬂ,i+cp2,

for p>2 and a constant C depending on IVell% (which is bounded uniformly in r €[0,T]).
Now we use the Galiardo-Nirenberg-Sobolev inequality followed by Young's inequality

4,2
2 A" CGNs 1..12 2
A Null3< 42 Cons 1 Vully llully < 7 et +11Vull2

for u=p”"? and A=+/Cp:

m
40 2 2
CC
sz/pi<p . GNs </pﬁ/2> +/|Vpﬁ/2|2-

d 2
I pﬁdX<—p2/pi+Cp4</p51’2> +Cp’,
which proves (40).

Let now wj=/p,2nj, Sj= sup,e[o,T]fp,an for j€N. Then

Therefore

d%wjdxg —227w; +2%1(C2% 831+ C).
The solution of
d
d_tv= —ev+eC

is v(t)=e"*"vo+ C (1 —e™*"). If we set vo=w;(0) it holds

wi <v<wi(0)+ C2¥5% 1+ C<llpoll% 10l + C2%S2, + C.
It follows that

S;= sup w;<Cmax {|lpoll%,2%S71+1}.
t€[0,T1]
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For §j:= Sl poll2 is
S;<Cmax {1,2%87_,}.
Hence

log+S; < max {log, C,log. C2%5§7_;}

<
< 2log4Sj—1+jlog4+C,

which implies 27 log, §;—27U"Vlog, §;_1 < j2 7 log4 + C 27 for j€N. Adding up both sides
over j=1,...,J we find

J
277 log, S;—log, Sy = Z 27log+S;—27U"Dlog,. §;_,
=1

o0
< ) j277loga+C27LC,
j=1

|G
- pen 0! Mool _
S7 = (suprero,r1 [ Pm)? =supreor) (/ pm)? < C for some contant C not depending on j. We

finally perform the limit j — oo and conclude

for a constant C independent of J. Since So< SUPre[0,T] is also bounded, we conclude that

sup |lpmllee= sup lim [|ppll,i< lim sup ||pmll,i<C.
te[0,T] te[0,T]] > J=00te[0,T]

Proof of Proposition 5.
i. From the proof of [9, Lemma 2.8], with the additional assumption that pg is in L®(R> n
H*(R?), it follows that p and pV are in W"P((0, T) x R?) with

”p” WhP((0,T)xXR2)? ”pN”WLP((O,T)XRZ) <C ”PO”HZ(Rz)

for any p€(1,00) and N € N, where C >0 is some constant depending on 7. Then, by Morrey's
inequality, p, p"¥ € C%%((0, T) x R?) for each N €N and 0 < « < 1/4 and their norms in this space
are also bounded by C || po|| pj2g2)- This means in particular that, for 0 <a < 1/4, p, PNel>0,T,;
C%*(R?)) and

sup [p(D]oa sup [PV (0]0.<C1, NEN,
te[0,T] te[0,T]

where Cy:=C || poll w2

ii. Let w=¢ % p=—log|-| * p. We need to prove that —=Vw" =k" % p" and —Vw =k % p are
Lipschitz continuous in R? uniformly in N €N and 7 € [0, T]. It is then enough to show that all
second derivatives of w" and w are uniformly bounded. More precisely, we find

105 WY Dlloo SC U Ol + 1V Ollo + [P Do), NEN
and

10;w(D)leo < C (@l 1 + ll POl 0 + [(1)]0.0)

for some constant C >0 and any a € (0, 1/4]. These are uniformly bounded on [0, 7] and N €N
by part i and Proposition 4. We just write down the proof for the limiting case k * p. For k" x pV
the steps are completely analogous.

We split the integral as follows:

0y w(t, ) = 0i b(x—) p(y) dy+ / 0i b(x =) p(y) dy. (43)

lx—yl<1 [x—y|>1
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Note that |0;; p(x—y)| < < IZ Therefore, the second term is bounded by C || p||{. For the first term
we write

/ 0ijp(x—y)p(y)dy = / 0ij p(x—y) (p(y) — p(x)) dy
lx—yl<1 [x—y|<1

+p(x) / 0ij p(x—y)dy

lx—yl<1

= /l— |<10ij¢(x—y) (p(y) = p(x))dy

—p(x) 0i p(x—y) vj(y) dS(y).

lx—y|=1

Consequently, for any a € (0, 1/4] part (i) implies

1
< C po ——d
[P(t)]O, </|x_y|<] |x_y|2_a y
+C ol
< Cp®]oa+ oDl c0)-

/ 05 (x—y) p(y) dy
[x—yl<1

Using both estimates in (43) we find

10;jwDllee C U@ l1 + 11Dl o + [p(D]0,0)s @€ (0, 174].

Remark 16. Below we list the space embeddings we used in the proof.

i. H*(R? < C%*R?), for any 0 < a < 1, by the Sobolev embedding theorem [7, Theorem
2.31].

ii. If feL*0,T;HX(R*)NL>(0,T; H'(R?) then V.f € LP((0,T) x R?) for any pe (1,4).
Since Wh2(R?) C LI(R?) for any 2 < g < o0, we have that
V.f€L*0,T;LYR>)NL®0, T;L*(R?)), for2<g<oo.
We then use the interpolation inequality

1 6 1-0
0 —
”u”pg\”u” ”u”p] ’ foree[o’l], 19_9_19_0+ p]

and find
/ IVAOI2dr < / AV F IV 1107

< sup IVFOI / IV 1007,

te[0,T]
. . 2p(1-6) 2 2p
By choosing §=1/2 it holds for p <4 that p(1-0)<2 and p; = ooy —d-p <% and
so is the right hand side of the last inequality finite.

iii. H*(R?*) CW?>~¥PP(R?), for any 2 < p< 4.
By the Sobolev embedding theorem for fractional spaces [1, Theorem 7.58] it holds

H*(R)H CW'H¥PP(R?), forany2<p<co.
Since 1+2/p>2—-2/p holds if p<4, we conclude that

HX(RY) cW!'H2rr(RH) CW2=2PP(R?), forany2<p<4.
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