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1. INTRODUCTION

Every self-adjoint operator in a finite-dimensional Hilbert space has a complete set of orthonormal
eigenvectors, and therefore every element of the Hilbert space can be written as a linear combina-
tion of them —it has an expansion in eigenvectors— This is a nice feature that one would like to
have in the infinite-dimensional casel-!. It still holds in separable Hilbert spaces for self-adjoint
operators with pure point spectrum, but fails with the presence of continuous spectrum. Even the
self-adjoint operators associated to the most basic quantum observables position and momentum

have no eigenvalues at all. But let us consider the momentum operator p:= —i% in L?(R):
The functions ey(x) := % e*® although they are not eigenvalues since they are not L2-
s

functions, fulfill the relation —i % ex(z) =M ex(z) for each A€ R=0(p), and via the inverse Fourier
formula give an expansion for each ¢ € L?(R) in the sense

N ~
Y(x)=1im. ex(z) (N dA,
N—oo J_N
where
) N
¥ (A)=Lim. ex(z) Y(z)dx
N—oo J_N

denotes the Fourier transform of .

This example suggests that enlarging the space of admisible eigenfunctions one could overcome
the problem of the lack of eigenfunctions and obtain an expansion in generalized eigenfunctions
also in the infinite-dimensional case.

The theory of generalized eigenfunctions has been developed separately for different settings.
There are three main types of expansions in generalized eigenfunctions!-2:

e IP expansions (Ikebe [Tke60], Povzner [Pov55]) for Schrédinger operators with short-range
potentials. These are very useful in scattering theory, for instance to prove asymptotic

completeness of the wave operators and to give an expression of the scattering matrix (see
[RS79, §X1.6]).

e Expansions for self-adjoint operators defined by symmetric ordinary differential expressions
have been developed in [Wey10], [Kod50] and more recently treated in [Wei87].

e BGK expansions (Berezanskii, Browder, Garding, Gel’fand, Kac) were first proved to
exist for elliptic differential operators with smooth coefficients [Ber68] and later for a
variety of Schrodinger operators with singular potentials [KS78]. An approach to these
expansions using the method in [Wei87, Chapter 8] for ordinary differential operators
is given in [PSW89| and [PS93]. A remarkable consequence of the BKG expansions is
that every point in the spectrum is arbitrarily close to a generalized eigenvalue. This
fact together with the polynomial boundedness of the generalized eigenfunctions for
Schrodinger operators was first used by Pastur [Pas80| and a few years later by Mar-
tinelli and Scoppola [MS85] to prove the absence of absolutely continuous spectrum for
some random Schrédinger operators. This has played an important role for results on
Anderson localization [FMSS85], [DK89]. Actually, for Schrédinger operators the relation
o(H) ={AHu=Au has a polynomially bounded solution} holds, [Sim82, §C.4 and §C.5].
We shall prove the analogous statement for the Dirac operator.

1.1. It is in fact one of the assumptions in quantum mechanics [Sch68, §10].
1.2. We follow the classification in [PS93].
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Here we focus in generalized eigenfunction expansions of the BGK type for Dirac operators. In
§2 we introduce the theory on eigenfunction expansions following [PS93] for abstract self-adjoint
operators and [Wei87] for ordinary differential operators. In §3 we study the 2-dimensional massless
Dirac operator with electromagnetic potentials which are allowed to grow at infinity. We use the
results in [PS93] to find weighted L? and H'-spaces where its generalized eigenfunctions lie. We also
establish the relationship between the spectrum and the generalized eigenvalues adapting Simon’s
proof for Schréodinger operators [Sim82, Theorem C.4.1]. In §4 we treat the 1-dimensional case. A
clear advantage is that the powerful theory for ordinary differential operators is here applicable.
We use the method in [Wei87, Chapters 9] to compute an expansion in generalized eigenfunctions
of the 1-dimensional massless Dirac operator with external potential. We later use this expansion
to study the dynamical behaviour of the massless Dirac particles, which is proved to be ballistic
independently of the external potential. The Appendix contains some important results on operator
theory with the purpose of making the reading easier.

1.1. Notation.
D(A) denotes the domain of the operator A and R(A) its range.
(x) 1= (x| + 1)1/
LP:={ap: (x)5p € LP}, HY := {4 (x)%p € HF}.
By (H) denotes the space of Hilbert-Schmidt operators in the Hilbert space H.
X or x(M) denote the characteristic function of the set M.
Id denotes the identity function Id(x)==.
For the identity matrix we write I or simply 1.
The multiplication operator by a function A is also denoted by h.
Both F and ¢ denote the Fourier transform of ¢ in L2
[A, B]:= AB — B A denotes the commutator of A and B on a suitable domain.
Li.m. denotes the limit in L? of point-wise given functions. It stands for “limit in mean”.
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2. EXPANSIONS IN GENERALIZED EIGENFUNCTIONS

2.1. BGK expansions.

We introduce the concept of generalized eigenfunction and expansion in generalized eigenfunc-
tions in the sense of BGK using the approach given in [PSW89] and [PS93|. As mentioned in the
introduction in many cases the eigenfunctions of a self-adjoint operator are not enough to span
the whole Hilbert space. Therefore one should generalize the definition of eigenfunction in order
to have functions from outside of the space come into play. For a separable Hilbert space H we
first present the construction of a Hilbert space-triple H C H C H_, where the bigger space H_
will be the new space of admissible eigenfunctions.

Let (H, (-,-)) be a separable Hilbert space and let T be a self-adjoint operator in H with 7" > 1.
Then D(T') with the scalar product defined by (u,v)y := (Tu,Tv) is a Hilbert space, which will be
denoted by H,(T). Since 0¢ o(T), the inverse T ~1: H—D(T) exists and (¢, ¢)_:=(T 1, T~ ¢)
defines another scalar product on H. For the completion of (H, (-,-)_) we will write H_(T"). The
triple H4(T) CH CH_(T) is called the T-triple of H. It holds

Lemma 2.1. [PSW89, Lemma 1]

a) Let we Hy(T), v € H_(T); for every sequence (¥,) C H with ||, — |- — 0 the limit
(¢, u) :=lim (Y, u) exists and it is independent of the choice of the sequence.

b) Let T be T considered as an operator with values in H_(T); the closure T of T'is an isometric
operator from H onto H_(T).

¢) For ue Hy(T) and v € H we have <T¢,u> = (¢, Tu).

Equivalently, one can define H_(T") as the space of bounded linear functionals on H.(T) with
the functional norm ||-||-. A detailed discussion is given in [Ber68, Chapter 1, §1].

We go back to the example in the introduction with the momentum operator p=—i % in L(R),
which via the Fourier transform F is unitarily equivalent to the multiplication by the identity

(FpF~'=1d) in L*(R). For ex(z)=(27)"/2e!** and (f, g) the pairing [ fg we have
a) For ¢ € C§°(R), Fp(X) ={ex, ¢) ae.
b) (ex,pp)=A{ex, ) for all A\e R and ¢ € C§°(R) C D(p).

¢) F7lo=lim [ exg(A)dA
and v
d):Nliinoof_N exFY(A)dA, for all ¢, € LA(R).

b) justifies the name of generalized eigenfunction for ey and c) specifies in which sense they give
an expansion for each element in L?(R). The precise definitions of these concepts will be given via
the next theorem, which generalizes this example for a large class of self-adjoint operators.

Theorem 2.2. [PS93, Theorem 2.2| Let H be a self-adjoint operator in the separable Hilbert space
H, let (X, p) be a o-finite measure space, h: X — R a p-measurable function, and U: H— L*(X, p)
a unitary operator such that

UHU*=h

oo
(where h denotes also the multiplication operator by h). Write X = |J X, with X; C X p-measur-
=1
able, p(X;) < 00 and X; C Xj41 for every l. Let Hi(T) C H C H_(T) be a T-triple and suppose
there is a bounded, Borel-measurable function v: R — C with y(h(X)) #0 for p-a.e. A€ X and with

y(h(-)) =t bounded on each X%, such that
’}/(H) T le BQ(H)

2.1. We replaced the original condition “y(h(-))~! bounded on every set of finite p-measure” with “y(h(-)) ™!
bounded on each X;” for the following reason: if p is a finite measure (see [Dav95, Theorem 2.5.1]), then for the usual
choice y(h) = (h — 2z) =% we have that v(h(-))~"! is not bounded if H is unbounded. This condition is only needed
to prove that the integrals in c) are Bochner-integrable. It is therefore enough if v(h(-))~! is bounded on each Xj.
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Then there exists a p-measurable function v: X — H with ||v(-)| € LQ(X, p), such that for
w(A)=~(h(N) " Tv(N) e H_(T) we have:

a) Let Y e H(T). Then
(UP)Y(N) =(u(N), ¥y for p-a.e. X
b) There is some set N with p(N) =0, such that for A€ X\N

(u(A), Hi) = h(A) (u(A), ¢)
holds for every ¢ € € :={¢ e Ho(T)ND(H) with Hyp € H.(T)};

c)
Usé=1lim [ ¢(N)u(N)dp(A) for g€ L*(X, p),

l—oo /X,
and

¢=Tlim [ (UP)(AN)u(N)dp(A) foryeH.

l—oo Jx,

The main idea of the proof is the following: In order to find w(A) such that (U)(A) = (u(X),¢),
one inserts the Hilbert-Schmidt operator A:=~(H)T~! and looks for v()\) such that (U A¢)(\) =
(v(\), ¢). The existence of such v is given by Theorem A.5 for the Hilbert-Schmidt operator U A:
H— L*(X, p). Now, for ¢ = A¢, one (formally) has (U)(A) = ((A=1)*v(N), 1) and this leads to
the choice u(A) =~(h(\)) ™' Tv(\) € H_(T). This same idea was first used in [Wei87, Theorem 8.4|
in the context of ordinary differential operators.

Note 2.3. A unitary operator U like the one in the hypothesis of Theorem 2.2 always exists. The
multiplication version of the spectral theorem (Theorem A.2) provides the existence of a spectral
representation U = (U;): H— Den L%(R, p;) of H; that is, the existence of finite measures p;
and a unitary operator U such that UHU* =1Id in P, L3(R, p;). We can bring this unitary
equivalence in the form required in Theorem 2.2 as follows:

The direct sum of L%spaces Den L%(R, p;) is isometric to the space L*(R x N, p), where
the o-finite measure p is defined as p(A x B) 1=}, p p;(A), for A x B CR x N. Therefore we

can assume U: H — L?(R x N, p). Finally, letting h()\, ) := A for (), j) € R x N, it holds that
UHU*=hin L} (R x N, p).

In the situation of Theorem 2.2 above, u(A) € H_(T) is called a generalized eigenfunction
of H corresponding to the generalized eigenvalue h()\) if the set £ of functions ¢ for which
b) holds is a core??2 for H. In this case, we say that ¢ € H has an expansion in generalized
eigenfunctions u(\) of H, whose expression is given in c).

For the particular case where the Hilbert space is H = LQ(]Rd, C*), we can define these concepts
without further reference to any self-adjoint operator T and the corresponding T-triple: Assume
that C§°(R?, C*) C D(H) and Hy has compact support for all ¢ € C§°(R?, C*). We say that
u(A) € LE(RY, CF) is a generalized eigenfunction of H corresponding to the generalized
eigenvalue h(\) if

b’) For all p € C§°(R%, CF)

/ W) (Hy)(x) dx = h(\) / WA o(x) dx.

Let u()\) € LE (R4, CF) be a family of generalized eigenfunctions for a.e. A. If it holds that
a’)+c) for every v € H

(Uy)(A) =Lim. u(x,\) Y(x)dx  for p-a.e. A€ X,

N=ooJix|<N

2.2. For a closed operator A, a subset £ C D(A) is called a core for A if AJE = A.
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and for every ¢ € L*(X, p)

U g=lim | o(\)u(A)dp(\),
l— o0 X,
we say that each element in H has an expansion in generalized eigenfunctions u(\) of H.
The next result provides extra information about the space where the generalized eigenfunctions
lie. It will be used in Theorem 3.2 for the Dirac operator to conclude some regularity of its
generalized eigenfunctions.

Theorem 2.4. [PS93, Theorem 2.3] In addition to the assumptions of Theorem 2.2 let S be an
injective operator in H such that S~ € B(H) and v(H) T~ S is the restriction of a Hilbert-Schmidt
operator. Then we have

u(N)=y(h(A\) T (571 5(N),

where ©: X — H is p-measurable, ||0(-)|| € L*(X, p); in particular, u()\) € R(T (S7H*) for p-a.e.
reX.

2.2. Expansions for ordinary differential operators.

We now study the particular case of self-adjoint ordinary differential operators. We discussed
in §2.1 how the theory for Hilbert-Schmidt operators, specifically Theorem A.5, can be useful to
find expansions in generalized eigenfunctions. For ordinary differential operators it is easier to
find a suitable Hilbert-Schmidt operator: the composition of the resolvent with the characteristic
function of any compact interval is Hilbert-Schmidt [Wei87, Theorem 8.3]%-3. This fact provides
the existence of an expansion in generalized eigenfunctions of any ordinary differential operator
[Wei87, Theorem 8.4|. If, furthermore, the resolvent kernel is known, one gets not only existence
of such an expansion but it is also possible to compute it explicitly. The latter is discussed in
[Wei87, Chapter 9]. In this section we summarize the results in [Wei87, Chapters 8 and 9] that we
will later need for the 1-dimensional Dirac operator in §4.

We consider differential expressions of the form

Tu(x) = r(z)”! (=1)7 (pi(2) ul(2))

2]
+ Z (—1)7 [(qj(z)u(j)(z))(ﬂl) _ (q;(z)u(jﬂ)(z))(j)]
j=0

where v is a CF-valued function defined on (a,b), —oo < a < b< oo; the coefficients 7, p; and q; are
k x k-matrix valued functions on (a,b), 7(x) is positive definite and the p; are hermitian. [«] denotes
the largest integer less than or equal to «, and so the order of the differential expression 7 is n.

Let also L2(a, b; r) be the Hilbert space of C-valued functions defined on (a, b) with inner
product

b
(u,v) 1= / (r(2) (), v(x)) dz,

where (-, -) denotes the scalar product in C*.

By self-adjoint ordinary differential operator we mean a self-adjoint realization A of 7
with domain in L?(a, b;r)24.

Let z € C. A function u: (a,b) — C* is called a solution of (7 — z) u =0 if the equation holds
for almost every z € (a,b) and u(9) is (component-wise) absolutely continuous, for j=0,...,n — 1.
The initial value problem

(1—2)u=0, u(xg)=u; for j=0,..,n—1

2.3. This does not hold in general (c.f. Note 3.4 on the 2-dimensional Dirac operator).

2.4. For k=2, n=1, r(z) =1 (identity matrix), po=V I and go = % o1, T becomes the differential expression
of the 1-dimensional Dirac operator with potential V' defined in §4.
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has a unique solution and hence the space of all solutions of (7 — z) u =0 has dimension p:=nk.

For a self-adjoint realization A of 7 [Wei87, Theorem 8.4] proves the existence of an expansion
in solutions v;(+, A)of (1 —A) v=0, i=1,..., p. On the other hand, for a different choice of solutions
u;(+, A), it is sometimes possible to compute a spectral representation which yields an expansion in
terms of the u;(-,A). A method for this computation involving a spectral matriz p()\) is presented
below, but we first need to discuss how a matrix-valued function p(\) defines a Hilbert space
L*(R,dp).

Let p(A) be a non decreasing p X p-matrix valued function (in the sense that, for A > p,
p(A) — p(p) is a positive semi-definite —and hence hermitian— matrix) such that the p;;(\) are
locally of bounded variation and continuous from the right. p defines a Hilbert space of CP-valued
functions on R as follows:

Consider first CP-valued step functions f and g, f(A) = >, X000 fi 9(A) =

Zj X(a;,b,](A) gj, where f;, g; are vectors in CP. We define an inner product by

(F2)0= 3 (05) = pla) F.05) = [ (oY) F(0).90).
j

and so we arrive at a pre-Hilbert space of (equivalence classes of) step functions. Its completion is
a Hilbert space that we denote by L*(R,dp).

We can now extend our definition of spectral representation of A to be a unitary operator
U: L*(a, b; r) — L*(R, d p) such that U A U* = Id. We finally present the method to find such a
spectral representation in terms of the solutions w;(-, A):

Let p:=nk and assume {u1(+,2), ..., up(+, 2)} is a family of p linearly independent solutions of
(1 — 2) u=0 which are entire functions of z. For each z € p(A) the resolvent (A — z) ! is an integral
kernel operator [Wei87, §7] and there exist uniquely determined functions mfj, m;;: p(A) — C such
that the integral kernel is

Rlr.y.2) = Do mi(2) uiz, 2)u;(y,z) for y<a,
b mig(2)uilz, 2)ui(y,z) for y>w

Let the spectral matrix p()\) be defined by

A+6

27“621&513& : (mE(s+ie) —mF(s+ie))ds. (2.1)

pij(A) =
We have

Theorem 2.5. Let A be a self-adjoint realization of T, let {u1,...,up} and p be as above. Then
F:L%*(a,b;r) — L*(R,d p)
B
(F;¢)(\) = lim. (r(@)uwi(z, ), ¥(x))de i=1,...,p

a—ay Ja
B—b_
s a spectral representation of A. Its inverse is given by

(F~1o)(x Lim. Z/ di(N) dpji(N).

N
_MX)z] 1

Theorem 2.5 is the combination of [Wei87, Theorem 8.7] and [Wei87, Corollary 9.6].
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3. GENERALIZED EIGENFUNCTIONS OF THE 2-D MASSLESS DIRAC
OPERATOR

In this section we apply the results on BGK expansions stated in §2.1 to the 2-dimensional massless
Dirac operator with electromagnetic potentials within a large class of functions. In §3.2 we prove
that the generalized eigenfunctions of the 2-dimensional Dirac operator lie in certain weighted
Sobolev spaces. For this purpose we find appropriated Hilbert-Schmidt operators involving a power
of the resolvent and the multiplication by a weight (x) 5. This is done by using a weighted resolvent
identity (Lemma 3.3), which turns out to be very useful in this context.

A direct consequence of the BGK expansions (see Theorem 2.2) is that every point in the
spectrum can be approximated by generalized eigenvalues. A kind of converse of this statement
also holds. We prove this relationship between the spectrum and the generalized eigenvalues of the
2-dimensional Dirac operator in §3.3.

The questions we discuss here were also studied in Stolz’s Doctoral Thesis for the 3-dimensional
Dirac operator [Sto89, §6]. Nevertheless, this section has been written in a completely independent
way, since we were unaware of the existence of Stolz’s results at the time we were working on it.

3.1. Definition of the 2-D operator.

Let us first describe the Dirac operators formally without specifying their domains. The
domains and self-adjointness are discussed in Lemma 3.1 below.

The 2-dimensional massless Dirac operator with a magnetic field B on H := L?(IR?, C?) has the
form

Ha:=0-(p—A),

where the magnetic vector potential A: R2— R? satisfies B=rotA:=0; Ay — 0y A1, p:=—iV and

o = (01,02) with
o= Y1 U
=10 )22 0 )

For an electric potential V:IR? — IR, we define
H:=H at+V.
We also introduce the notation for the free Dirac operator

ﬁ02:0'~p.

Lemma 3.1. For the Hy, Ha and H formally defined above the following statements hold:
a) Hy is essentially self-adjoint on C§°(R2, C2).
b) For A€ LY (R? R?) and V € L{, (R% R) with 2< p< oo, Ha and H are essentially self-

adjoint on C§°(IR2, C?).

¢) For B € L _(R% R) with 1 < g < 0o, there exists A € L}, .(R?, R?) with 2 < p < o0 and
B=rot A.

For the proofs of b) resp. ¢) we follow [KS12, §3.1 resp. Remark 8§|.

Proof. a) First note that H is unitarily equivalent to the multiplication operator o - p in the Fourier
space, where p also denotes the Fourier variable. This multiplication operator is self-adjoint in its
domain {& (1+0o-p) i (p) e L*(R2 CcH} = {1& (1+p) ¢ (p) € L2(R2, C?)}, which is the Fourier
transformed of the Sobolev space H'(R?, C?). Therefore the operator Hy defined on H'(R?, C?)
is self-adjoint. We denote this operator by Hj.

We now only need to show that the closure in H x H of the graph of Hy defined on C§° is the
graph of the self-adjoint operator Hy, that is,

{(0, Hop): 0 € CF(R?, C2) } = {(v, Ho ¥): ¥ € H'(R?, C?)}.
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Indeed, the right to left inclusion holds because C§°(IR2, C?) is dense in H*(R2, C?) and ||-||3::=
121101 -]+ |92+ [|>= |||+ || Ho-|| %, so given 1 € H(IR?,C?) there exists a sequence ¢,, € C5°(IR?,
C?) such that (apn, H, gon) — (¢, Hy) in H x H. The left to right inclusion follows from

on— Y EH

HY(R2, C? d Hot=d.
Hoon— M = e H'(R%C? an 0Y=¢

©on € C5°(R2%,C?) such that {

b) We prove this only for H since H 4 is the particular case for V =0.

[Che77, Theorem 2.1] implies that the essential self-adjointness of H depends only on the local
behaviour of A and V. Consequently, we only need study the self-adjointness of the operators Ho
defined on C§° by

Ho=0-(p—x(2) A)+x(Q)V,

where  C R? is a bounded domain.

If 2<p<ooand z € C\R, the function g(x) := (o -x — 2)~!is in LP(R?, C*). By [Sim10,
Theorem 4.1], the operator f(x) g(—i V) = f(x) Ro(z) is compact for any f € LP(R2, C%).
Hence, f=x(Q)VI—0-x(Q) A€ LP is a relatively compact perturbation of Hy, and therefore
Hy+ f = Hq is essentially self-adjoint on C§°.

If p=o00, the operator x(2)V —o - x(2) A is Ho-bounded with relative bound 0:

[(X(QV =0 x(2) A) Y2 <2[[x() (V = Al | ¥]]2

and the Kato-Rellich Theorem [RS75, Theorem X.12] implies that Hq is essentially self-adjoint on
Cg°.

c) Let h be a solution of Ah= B. For Q C R? bounded, a solution of Ah= B on { is given by
the Newtonian potential hy of B

v (x) = / I'(x - y) B(y) dy,

where I is the fundamental solution of the Laplace equation. By [GT01, Theorem 9.9] hy € W9(Q)
and Ahy = B a.e in . Then, hy — h is harmonic on Q and hence C*°(Q2), which implies that
he WEY(R?). A:=(—dyh,d h) satisfies B=rot A and A € W2 4(IR2,R?). The Sobolev inequalities

(see, for instance, [LLO1, Theorem 8.8]) lead to the conclusion that A € L (RR?, R?) for some

loc

2<p<ooif ge(1,2], or A€ LS. (R%R?) if ¢> 2. O

Throughout the rest of Section 3 H will denote the Hilbert space L?(IR?, €2?), A and V will
denote functions in L{ (R? R?) resp. LT (R? R) for p>2, and Hy, Ha, H the corresponding self-

loc loc

adjoint extensions in H of the operators Hy, Ha, H defined on C§°(R?, C?).

3.2. Properties of the generalized eigenfunctions.
The main result of this section is

Theorem 3.2. Let H be the two-dimensional Dirac operator defined in §3.1 and assume A €
L>®(R? R?), V € L=(R%, R) for some s = 0. Then, for any k > %, there exist families ui(\) €
L2_2(s+k)(]R2, C?) and uz(\) € H£(3s+2k)(R2, C?) of generalized eigenfunctions of H, each of which
expands any 1 € H= L*(R2, C?).

We will prove this at the end of the section applying Theorem 2.2 and Theorem 2.4, but we first
need to find suitable Hilbert-Schmidt operators. We split this problem in several lemmas below.
The first of these proves what we called weighted resolvent identity, a generalization of the usual
resolvent identity>! including a weight, which will be very useful for finding the Hilbert-Schmidt
operators.

3.1. A-1—-B~1=B~1(B - A) A~! holds on ‘H for invertible operators A and B with bounded inverse and such
that D(A) C D(B).
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Lemma 3.3. (Weighted resolvent identity)32 Assume A € L(R? R?),V € L>(R?, R) for
some s 20 and let z € C with |Imz|>2s. Then the following identity of operators on H holds:

R(2) (x)7* = Ro(2) (x) "+ Ro(2) (x)~* (Ho— H) R(2) D™, (3.1)
D:= (1+ <x>2 R(z))

Note that for s =0 this is the usual resolvent identity for H and Hj.

where

Proof. Let ¢ € C§°(R?, C?), then

R(z)(x)7°(H —2)p = (x)"°p+R(z)[(x)"°, H] ¢ (3.2)
= () Cp+R(z)(io-V(x)7%) p.

Similarly we have

(x)7"¢ = Ro(z) (Ho—2) (x) "¢ (3.3)
= Ro(2) (x)7" (Ho— 2) ¢ + Ro(z) [Ho, (x) "] ¢
= Ro(2) (x) 7" (Ho—2) ¢ — Ro(2) (ig- V(x)7%) ¢
= Ro(2) (x)7° (H — 2) o+ Ro(2) (x) 7 (Ho— H) ¢ — Ro(2) (i - V (x) %) .
(3.2) and (3.3) yield
R(z) ()" (H —2)¢p = Ro(2) (x)7"(H —2) o+ Ro(2) (x) " (Ho— H) ¢ (34)

+(R(2) = Ro(2)) (io -V (x)7%) .

We can extend the identity (3.4) to any ¢ € D(H), since H is the closure of its restriction to
C§°(R?,C?). Indeed, this implies that for any ¢ € D(H) there exists a sequence (p,) C C§°(R?, C?)
with ¢, — ¢ and Hp, — Hp in ‘H. From A € L>%(R?, R?), V € L=(R?, R) follows that
(x)7°* (Hy— H)=(x)"* (0 - A — V) is a bounded operator. Since (x)® and V (x)~* are also
bounded, we have

()77 (H = 2) pn— (x) 7" (H — 2) o,

(x)7*(Ho—H) pn— (x)"° (Ho— H)
and
V) en—=Vi(x)

in H. Hence, by taking limits on both sides, we obtain the identity for any ¢ € D(H). We can also
write (3.4) as

R(z) (x)7*(H =2)¢p = Ro(2) (x)7"(H —2) ¢ (3:5)
+Ro(2) (x)7* (Ho— H) R(z)(H — 2) ¢
+(R(2) = Ro(2)) (1o -V (x)7*) R(2) (H = 2) ¢,

where we just replaced ¢ by R(z) (H — z) ¢ in the two last terms. Since z ¢ o(H) C R, in particular
we have Ran (H — z) =H and (3.5) becomes

R(z) (x)7°¢ = Ro(z2) (x) ¢+ Ro(z) (x) "* (Ho — H) R(2) ¢ (3.6)
+(R(2) = Ro(2)) (ig-V (x)7%) R(2) ¥,

for all 1) € H. Writingio -V (x)~%in (3.6) as (x) * (x)*io-V(x)*=—(x)"%s ig{;;(

and grouping
terms we get

io-x

(R(2) ~ Rof2)) 09~ (15 R ) = Roll) () (o~ H) (), (3.7

3.2. We owe Prof. E. Stockmeyer the idea of this identity.
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as an identity of operators on H. Finally, since

s—la'xR(z)

(x)2 IR(2)[| <2s||R(z)[ <25

|Im z|

which is less than 1 by hypothesis, we conclude that D := <1 + s 1&;{ R(z)) is an invertible
operator. Right-composition with D=1 on both sides of (3.7) yields (3.1). O

Note 3.4. If Ro(2) (x) ¥ were a Hilbert-Schmidt operator for some z € C\R and k > 0, we could
use Lemma 3.3 with (x)~(**%) to prove that R(z) (x)~***) is Hilbert-Schmidt:

R(2) (x)~0*M = Ro(2) (%)M + Ro(2) (x) ") (Ho — H) R(z) D~
= Ro(2) (x)7*((x) "+ (x)~* (Ho— H) R() D),

and this is the composition of a Hilbert-Schmidt operator and a bounded operator (since
(x)=% (Hg — H) is bounded). But it is not true that Ry(z) (x)~* is Hilbert-Schmidt for some
k. In fact, it holds

Ro(2) f is not Hilbert-Schmidt for any choice of z € C\R and f € L*(R2, C).
Indeed, we can first write the resolvent as
Ro(z)=(Ho—2)"'=(Ho+2) (H —2*) "' = (Ho+2) (A = 2%) 1. (3.8)
On the other hand, for any 1 € H,
(—A=22)"" f = FH(P* =22 F(fe)(p)) (3.9)
= hx(fv),

where h:= (27) "' F~1((p? — 22)~1). Using (3.8) and (3.9) we can write the considered operator
as an integral operator,

(Ro(2) f)(x) = (Ho+2) / h(x—y) £(y) ¥(y) dy
- / (—io Yyt 2) hx —y) f(y) () dy
= /k(x,y) YP(y)dy for all iy € H and a.e. x € R?,

with integral kernel k(x,y):=(—i0 Vx+2) h(x —y) f(y). Now this operator is Hilbert-Schmidt
if and only if the kernel is in L?(R? x R?,dx® dy) (Theorem A .4), and the latter happens if and
only if both f and (—io V +2) h are in L2 Using Plancherel’s identity we conclude that

. : —+Z
||(10‘V+Z)h||2|-7:(10'V+Z)h|2CHpIQ)ZQ ,

since p’;f = ¢ L*(R?).

Following this same idea, it is now easy to check that squaring the resolvent and adding a weight
one obtains a Hilbert-Schmidt operator.

Lemma 3.5. Let z,w € C\R. Then Ro(w) Ro(z) (x)~*° is Hilbert-Schmidt for s >1.

Proof. We can assume z = w. The general case follows using the resolvent identity, since we can
write Ro(w) Ro(z) (x)~% as the composition of Ro(z)?(x)~* with a bounded operator:

Ro(w) — Ro(z)) Ro(z) (x)~*
z —w) Ro(w) Ro(2)? (x)~*
(2% ().

Ro(w) Ro(2) (x)7 = Ro(2)*(x)~*+(
= Ro(2)*(x)* +( )
= (14 (z —w) Ro(w)) Ro



GENERALIZED EIGENFUNCTIONS OF DIRAC OPERATORS 11

We now prove that Rp(z)? (x) ~* is Hilbert-Schmidt with the same argument as in Note 3.4. From
(3.8), and since (Ho+ z) and (—A — 22) "' = (HE — 22)~! commute, we have

Ro(2)?2=(Ho+2)?(—A—2%)~2 (3.10)
Now, for any ¥ € H,
(A =2)2(x)y = F Y (P* -2 F((x)"*¢)(p)) (3.11)
= gx((x)7"v),

where g:= (27) "1 F~1((p? — 2%)72). As before, we use (3.10) and (3.11) to write the operator in
an integral form

(Ro(2)* (x)~*9)(x)

(Ho+2? [ox=) (5 0(3) dy
= /K(x7 y)¥(y)dy for all » € H and a.e. x€R?,

where K (x,y):=(—Ax—2iz0-Vx+2?) g(x—y) (y) . In this case, we do have that the integral
kernel K is in L?(R? x R?,dx ® dy):

KO3y = [ I(-8x=2i50 Vot 2) glx =) (v) 2 dxdly
[ 1=ax=2iz0- Vs 2 gPax [ ()2 ay

p? 2|2
+2z0-p+=z _as
- /‘ - dp/ (y)~2*dy < oo,

(p?—2%)?
and therefore the considered operator is Hilbert-Schmidt. g

Now that we know Rg(z)? (x) % is Hilbert-Schmidt for s > 1, we want to find a relation which
allows us to prove that R(w)? (x)~* is Hilbert-Schmidt for some w ¢ R and k > 0. This will be
achieved with the following lemma together with the weighted resolvent identity.

Lemma 3.6. Let s >0 and z € C with |Im z|>4s. Then
Rj(2)*(x)"?* € Bo(H) if and only if  (x)7°R;(2) R;(z) (x)~* € Ba(H),
for j€{0,1}33.
Proof. We prove this in two steps. First, we show
Ry(2) ()2 Ry(z) € Ba(H) if andonly if  (x)=* Ry(:) By(2) ()€ Bo(H)  (312)
and we finish with
R;j(2)?(x)72°€ Ba(H) if and only if R;(z2)(x)~2 R;(2) € Ba(H), (3.13)

which together yield the statement of the theorem. For (3.12) first notice that R;(2) (x) 2% R;(z)
being Hilbert-Schmidt is equivalent to R;(z) (x) ~2¢ R;(Z) being Hilbert-Schmidt:
Rj(2) (x)"* R;(z) = Rj(2) (x)7** R;(2) + R;(2) (x) 7 (R;(2) — R;(2))
= Rj(2) (x)7* Rj(2) + (2 — 2) Rj(2) (x) 7> R;(2) R;(2)
= Rj(2) (x)7* R;(2) (1+2Im 2 R;(2)),
where we used the resolvent identity for the second equality. Since (1+2Imz R;(Z)) is a bounded
operator, if R;(z) (x)~2* R;(z) is Hilbert-Schmidt then so is R;(z) (x)~2* R;j(z). The converse is
proved analogously.
Now call A:=R;(z) (x)~°. A is a bounded operator on H and what remains to prove is

A A* is Hilbert-Schmidt if and only if A* A is Hilbert-Schmidt. (3.14)

3.3. This result holds for both Hy and H. We write an index j € {0, 1} to prove it for both cases: j = 0 refers
to the free case, while j =1 refers (only in this lemma) to the case with external potentials.
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There exists a partial isometry U: (ker A)* — (ker A*)+ such that A=U |A| (this is known as the
polar decomposition of A, see [RS80, Theorem VI.10]). In our case U is a total isometry —a unitary
operator—, since ker R;(z) ={0} and (x) *=0, which means that both ker A and ker A* are trivial.
We have

AA*=U |A||A|U ' =UA*AU . (3.15)

Since unitarily equivalent operators have the same trace and, from (3.15), the operators (A A*)?
and (A* A)? are unitarily equivalent, we conclude (3.14)34,
For the proof of (3.13), let ¢ € D(H;). First note that also (x)~° ¢ € D(H;):

[H; (x) "¢l = I(x) " Hjp— (1o V(x)"") ¢
< ) oo 1 @1l + 21V (%) ™o [l ]| < 00
We can now write
0=[R;(2) (H; —2),(x) "¢ = R;(2)[H;,(x) "¢+ [R;(2), (x) "] (H; — 2) ¢,
which implies
[R;(2), (x) 7] (H; — 2z) o = —R;(2) [H, (x) "] , (3.16)
for all ¢ € D(H;). For any ¢ € H we can write R;(z) v instead of ¢ in (3.16), to obtain
[Rj(2), (x) "] =—R;(z) [H}, (x) "] R;(2), (3.17)
as an equality of operators on H. Now, we have
Rj(z)* <X>*25 = Rj(2) (x)7% R;(2) + R;(2) [R;(2), (x) '] (3.18)
Rj(2) (x)" % Rj(2) + R;(2)*2 (x)"*io -V (x)~* R;(2)
Rj(2) (x)7* R;(2) + R;(2)* (x)7** (x)° 210 - V (x) ~* R;(2),
at

where we used (3.17) for (x) 2 the second equality. From (3.18) we finally get

Ri(2)2 (x)=2 = Ry(2) (x) =2 Ry(2) (1 +2slTx Rj<z>)1,

io-x

the invertibility of (1 +2s T

R;(2)? (x)~2¢ differs from R;(z) (x)2* R;(2) in a composition with a bounded operator and (3.13)
follows. U

Rj(z)) being consequence of |Im z| > 4 s. This means that

As a consequence of Lemmas 3.5 and 3.6 for the free operator we have

Corollary 3.7. (x)~® Ro(Z) Ro(z) (x)~° is a Hilbert-Schmidt operator for s >% and z € C with
Im z| >4 s.

Lemma 3.8. Let s >0 be such that A€ L>(R? R?), V € L>=(R? R). Further let k> % and z€ C
with [Im z| >4 (s + k). Then R(z)? (x)"2%%) is a Hilbert-Schmidt operator.

Proof. By Lemma 3.6 it is enough to prove that L := (x)~CT% R(2) R(2) (x)~(***) is a Hilbert-
Schmidt operator. By Lemma 3.3 we can write
L = (R(z)(x)"C*9)"R(z) (x) "0+
= (D7) R(z) (Ho— H) {x)~*" Ro(z) Ro(2) (x)~ " (Ho— H) R(z) D~
+H(D™Y)*R(2) (Ho— H) (x) =+ Ro(2) Ro(2) (x) =0
+(3) T Ro(2) Ro(2) (x) =+ (Ho — H) R(2) D™
+(x) 76T Ro(2) Ro(2) (x) =0+

3.4. Statement (3.14) is still true even if the kernels are not trivial. One can prove it using that the eigenvalues
of A A* and of A* A are equal away from 0 [Tha92, Corollary 5.6] and that a compact operator is Hilbert-Schmidt
if and only if the sum of the squares of its eigenvalues is finite.
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as a sum of four operators, each of which is Hilbert-Schmidt for being a composition of bounded
operators and the Hilbert-Schmidt operator (x) % Ro(Z) Ro(2) (x) ~* (see Corollary 3.7). O

Lemma 3.9. Under the assumptions of Lemma 3.8, the operator Ho (x)~35+2K) R(2)3 is Hilbert-
Schmidt.

Proof. We first remark that (x)~* (R(z) H) C (x) ~*D(Hp) C D(Hy) for any >0, so the operator
Hy (x)~*R(z) is well defined on the whole H.

Next notice that Hy R(z) (x)~° is bounded by the weighted resolvent identity (Lemma 3.3):
Left-composition with Hy yields

HoR(z) (x) 7%= Ho Ro(2) (x)~*+ Ho Ro(2) (x) * (Hy— H) R(z) D1,

where D71, (x) 7% (Hy — H) and Hp Ry(z) are bounded operators, and hence Hy R(z) (x)™° is
bounded.
Let L: =Hy (x)~ 3572k R(2)3. We have

L = HoR(z) (x)" 2% R(2)2 4 Hy [ (x)~®*+29) R(z)] R(2)? (3.19)
= HyR(2) (x)~ M R(2)> — Hy R(2) [ (x)~®*+2%) H] R(2)?
= HoR(z) (x)" G20 R(2)2— HyR(z)io -V (x)~3s+2k) R(2)3
= HyR(z) (x)~* <<x>2<s+k> R(2)?+ (35+2k) 1&; (x)2(+R) R<z>3),

where for the second identity we used the relation
[(x)7C*+2), R(z) | == R(2) [ (x)"®***M H] R(=)

proved in Lemma 3.6 as (3.17). The operator in parentheses in the last step of (3.19) is Hilbert-

Schmidt because "X'>’2‘ is bounded and (x) 2 +%) R(2)2= (R(2)? (x) "2(t%))* is a Hilbert-Schmidt

operator by Lemma 3.8, i.e. Hy (x)~3*+2%) R(2) is the composition of a Hilbert-Schmidt operator
and the bounded Hy R(z) (x) *. O

Proof of Theorem 3.2. We now have all the ingredients we need to apply Theorem 2.2 and Theorem
2.4. The existence of a unitary equivalence in the form required in Theorem 2.2 was discussed in
Note 2.3. We just need to find suitable Hilbert-Schmidt operators, which were already introduced
in the previous lemmas.

Fix k >% and z € C\R with [Imz| >4 (s+ k). For the choice
y1(h):=(h—2)"2 and Ty:=(x)2(*k)
Lemma 3.8 and Theorem 2.2 yield the existence of an expansion in generalized eigenfunctions3-?
ui(N) € H-(T1) = L2 5o p)-
With a different choice and Theorem 2.4 we gain information on the first weak derivatives. Let
Yo(h):=(h —2)73, Ty:=(x)3s+20) = [ —~.

We have that 2(H) T ' S is the restriction to D(S) of ((Ho — z) (x) 372" R(7)3)", which is
Hilbert-Schmidt by Lemma 3.9. Hence, Theorem 2.4 provides an expansion in generalized eigen-
functions

uz(A) € R(TQ (571)*) = (x)3 T Ro(z) H= H£(35+2k)' |

35. If T = (x)™ for > 0, then the set £ := {¢p € H4(T) N D(H) with Hy € H4(T)} is a core for H and
consequently the corresponding u()\) are generalized eigenfunctions of H. Indeed, any L2 function with compact
support is in H4(T); this implies that C§° C € and, since C§° is a core for H (Lemma 3.1.b), so is £.
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3.3. Relationship between spectrum and generalized eigenvalues.

Once we have identified the generalized eigenvalues we would like to know how they are related
to the spectrum. For a large class of Schrédinger operators the generalized eigenfunctions are poly-
nomially bounded, and it holds that o(H) = {A\|Hu= Au has a polynomially bounded solution }.
We will adapt this result from [Sim82, §C.4 and §C.5] to our problem.

For convenience, in this section we shall call a generalized eigenfunction u of H corresponding to
the generalized eigenvalue A a solution of Hu= Au. We say that a function v is L2-polynomially
bounded, if v e L2, for some s> 0.

Theorem 3.10. Let H be the two-dimensional Dirac operator defined in §3.1, with A € L°(IR?,
R?), V€ L=(R% R) for some s>0. Then

o(H)={\Hu=Au has a L*-polynomially bounded solution }.

Proof. We first prove the left to right inclusion®6. Let E be the spectral family of H and U:
H— L?*(R x N, p) a unitary operator such that U HU* = h, where h(}, j):= X (see Note 2.3). Fix
Xo€o(H). For € >0 we have that the spectral projection E(Ao— €, Ao+ ¢) is different from zero.
Further let A(xg—c xg+e):={(A, 7)) ER X N: A€ (Ag—¢, o +¢€)}. Since E(Ag— €, Ao —€) is unitarily
equivalent to the multiplication by the characteristic function of A(y,—z x,+¢) in L*(R x N, p), it
holds that p(A(x,—c ro+¢)) > 0. On the other hand, by Theorem 3.2 we know that there exists a
family u(X, j) of L?-polynomially bounded functions which, in particular, satisfies b) in Theorem
2.2. That is, u(A, 7) is a solution of Hu(\, 7) =Au(), j) for all (A, j) ¢ N, where N is some subset
of R x N with p(N)=0. Because the set A(x,—c r,+¢)\/V has positive measure, we conclude that
there exists A\ € (A9 — &, Ao+ &) such that Hu= Au has a L?polynomially bounded solution.

We now show the other inclusion. Assume Hu =\ u has a solution v € L2, for o >0. We shall
prove that A is in o(H). Define the squares @Q,:={x € R?: |z;|<r for i=1,2}, let

F(r) ::/Q lu(x)|2dx

and let 0 < j, <1 be a C§° function which is supported in Q,1, is equal to 1 on @, and such that
IV jr|loo is uniformly bounded in r. Let w, := j,u/||jru||. We will find normalized w,., such that
I(H = X)w,,|| — 0 as n— oo, which implies, by Weyl’s criterion, that A € o(H).

Instead of polynomially bounded solutions like in the Schrédinger case we have L%polynomial
boundedness, which is essentially the same in so far as it concerns this proof. We only need the
following:

(*) There exists ro such that for all k€ N

/ |u(x)|2dx</ (x)*dx.
Qro+k\Qro+k—1 Qro+k\Qro+k—1

We will prove (*) at the end. Using this property we conclude that there cannot exist a > 1 such
that F(ro+k)>a F(ro+k —1) for all k€N, since we would then have F(ro+ k) > a* F(rg) for all
k € N, which contradicts (*):

The relation F(rq+ k) > a* F(ry) together with (*) yields

o[ o< [
Qrg Qro+k
= [ W[
Q Qro+k\Qrg

Juf? + / (x)°,
ro Qro+k\Qrg

@ -1 [ up< | (x)°,
Q Qro+k\Qrg

3.6. That the spectrum of a self-adjoint operator is contained in the closure of the set of its generalized
eigenvalues holds whenever Theorem 2.2 is applicable.

T0

N

and hence

0
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the left hand side growing like a* and the right hand side like k**2 as k grows to infinity, which
means that the inequality cannot hold for arbitrarily big values of k.

Then, for any a > 1 there exists k € N such that F(ro+ k) <a F(ro+ k — 1) and picking a, =
1+ 1/n for each n € N, we find an non-decreasing sequence k,, with F(ro+ kp) < an F(ro+kn—1).
For the sequence of radii r,, :=7r¢+ k, — 1 we have

F(rn+1)

F(r) —1 (3.20)

as n— 0o0. Now
(H—)\)j,«qu,«(H—)\)u—l—[H,jr]uz—i(O"er)’m

and since the V j, are uniformly bounded and supported in Q,11\@., we obtain
II(H—/\)jruIIQZII(a-er)uII<C/ lul?,
Qr+1\Qr

for all r. From this and F(r,) < |j,ul|/? follows, for each r,, that
I(H =N wr, |* < CF(ra+1) = F(ra)]/F(rn)

- o[-

which converges to 0 by (3.20).
We finish with the proof of (*). Assume it is false. Then for all p >0 there exists k(p) € N such

that
/ up> | (x)°.
Qp+k(p)\Q0+k(p)fl Qo+k(p)\Q0+k(p)fl

A direct computation shows that
/ (x)*dx> sup (x)* (3.21)
Qp\Qp-1 xXEQ,\Qp-1

for all p large enough. Let pog be one such p, large enough for (3.21) to hold, and let p,4+1 :=
pn+ k(prn). Then we have, for all n>1,

/ > [ (x)°
Qpn\Qpnfl Qpn\Qpnfl

2 2
/ |U’|2 > fQPn\QPn*l |u| > fQPn\QPn*l |U|
Q

LT sup (x0T x)*
Pn\QPn 1 erpn\Qpnfl fQPn\QPn*1< >

and by (3.21) this implies

Because the sets Q,,\Q,,—1 are pairwise disjoint by the choice of p,, we conclude

/ |ul?

n=1 QOn\Qpn—l <X>a
o0

> Z 1=o00,

%\
H|E
of ™
WV

hE

3
—

«

which contradicts the integrability of |u|? (x)~. O

3.4. Comments.

A possible application of such expansions is the following. Assume we could prove for
some particular Dirac operator H that every solution v € L2, of the equation Hu =
A u is actually in L2, for instance by proving exponential decay of such a solution. Then
the generalized eigenfunction u is in fact an eigenfunction, and the relationship o(H) =
{A\Hu=Au has a L*polynomially bounded solution} (Theorem 3.10) implies that the spectrum
of H is pure point. This kind of argument has often been used for Schrodinger operators in
the proofs of Anderson localization; see, for example, [FMSS85], [DK89].
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4. 1-D MASSLESS DIRAC OPERATOR: DYNAMICAL ESTIMATES
THROUGH AN EXPANSION IN GENERALIZED EIGENFUNCTIONS

The aim of this section is to give an explicit expansion in generalized eigenfunctions of the one-
dimensional massless Dirac operator with external potential V' and use this expansion to study its
dynamical behaviour. This can be achieved just by studying the free operator, since the massless
Dirac operator with potential is unitarily equivalent to the the massless free one (see §4.1 below).
However we use instead Weidmann’s method for ordinary differential operators (§2.2) for one main
reason: as a preparation for the case with positive mass. We believe this method could help in this
more complicated setting, which we intend to study in a near future. We find therefore convenient
and also interesting to see how this method works in this particular, easier example.

The expansion in generalized eigenfunctions of the 1-dimensional massless Dirac operator using
Weidmann’s method is given in §4.2. We later use this expansion in §4.4 to study the dynamics: we
compute 22, (t) := (e "1 ep(z), 2 e~ y(z)) ~which represents the (expected value of the) square
of the position of 7 at the time ¢— and obtain ballistic motion*! of the massless Dirac particles
independently of the external potential V. Note that :L'%[,(t) does not make sense for any v, but
only if e 1H*4)(x) € D(22). We deal with this domain issue in §4.3.

4.1. Definition of the 1-D operator.
The 1-dimensional massless free Dirac operator Hy is defined as the self-adjoint closure in
L?(R, C?) of the essentially self-adjoint operator2

Hi()S:*iCO'l%

(01
=\10 )

With an electric potential V € LL(R), H := Hy+V on C§°(R, C?) is also essentially self-adjoint
and we define H as its closure in L?(R, C?). Actually, see [Sch10, Proposition 1.1], H is unitarily
equivalent to Hy:

on C§°(R, C?), where

.1 )
e—1;<71q(1) (_icalé)elcalq(l) iCO’l%"‘V(x)a (4'1)

where ¢(z f o &) d& is locally absolutely continuous. Therefore it inherits the spectral

properties of Ho, in partlcular it is essentially self-adjoint.
Throughout Section 4 H denotes the Hilbert space L%(R, C?), V € Li.(R, R) the electric
potential, and H resp. H the self-adjoint extensions in H of H, resp. H.

4.2. Expansion in generalized eigenfunctions by Weidmann’s method.

Theorem 4.1. Let H be the 1-dimensional massless Dirac operator defined in 4.1. Let

/ R AICEE @) y(2) da

where q(x fo &)dE. Then F:'H—H is a spectral representation of H with inverse

N
/ e;ffl(/\m*‘I@)) ¢(>\) dx
-N

4.1. By ballistic motion we mean that x?p(t) < Oy t2 for some constant Cy, depending only on 1. Our result
is, however, an identity and not only an upper bound.

4.2. The same argument as for the 2-dimensional case (see Lemma 3.1.a) proves that Hyis essentially self-adjoint.
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This can be proved directly by finding a spectral representation of the free operator via the
Fourier transform and then using the relation (4.1), but we will prove it instead by the method
given in §2.2, which provides explicit formulae for computing a spectral representation of ordinary
differential operators when the resolvent kernel is known.

The solutions of (H — z) u = 0 have the form eeo1(ze—a(®) up. Since this is a system of two

ordinary differential equations of order one, there exist for each z € C two linearly independent
solutions. We choose

ui(z, 2) i= 41me;m<zzq<z>>< 1 > us(z,2) = 41megal<zzq<z>>< _11 ) .

Note that w;(x, z) are entire functions of z, for i =1,2. Therefore we can use Theorem 2.5 to find
the following spectral representation in terms of the u;:

Lemma 4.2. The unitary operator U = (U, Us): H— L*(R, C) @ L3(R, C) given by

N
(Uiy)(A)=Lim. (uiz, A), ¥(x))de, 1=1,2
—oo J_N
s a spectral representation of H with inverse

N
(U_l ¢)($) = lLim. ul(x, )\) (bl()\) + ug(x, )\) (bg()\) dA.

N—oo J_N

1/11 1/ 1 -1
P1_§<1 1>’ P2_§<—1 1>

be the orthogonal projections in €2 onto the eigenspaces of oy, generated by (1, 1) and (1, —1),
respectively. For z € C\R, if Im z > 0 we have

Proof. Let

i * i - —10'1 zZYy—
(H*Z)flll)(l‘) _ %0_1/ e;m(zx Q(w))e —o1(zy Q(y))le(y)dy (4.2)

—o00
i 01/ e (Fa=a@) (== =aW) p 0 dy,
c x
and if Imz <0

(H—z)"ty(x

I
\
|
2

(1: / e%gl(zzfq(:b))efio'l(zy*q(y))Plw(y)dy (4.3)
oy [ e i) gy

We comment on how to prove this fact at the end (x). Using now that o1 P = P, 01 = P; and
01 Po=Py01=—P, we arrive at

N 6%01(21*4(1))e*%‘”(zyfq(y))Pl _ e%o’l(Zﬂ?*q(fb))Pl e*%al(zy*Q(y))
= 2mecur(z, 2) ui(y, 2)
and
o e%zn(zw—Q(iC))e_ic‘n(zy_q(y)) P2 _ _e%al(zx—q(x))PQ e_%ol(zy—Q(y))

= —27cus(z,2)u(y, z),

that is, the resolvent kernel is, if Im z >0,

(y,2) fory<uz
2miug(x,z) us(y, z

U1
us( ) fory>ax’
and if Imz <0

R(r,y,z) = —2miug(w,2)us(y,z) for y<z
o —2miui(z,2)ui(y,z) fory>ax’
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In the notation of §2.2 this implies that, for Im z > 0, m7;(2) = may(2) = 2 7 i, and m?j(z) =0
otherwise. With (2.1) we obtain p(\) = A L. Finally by Theorem 2.5 we arrive at the desired spectral
representation.
(¥) We now prove that the resolvent is in fact given by (4.2) resp. (4.3) for Imz >0 resp. Imz <0.
First notice that the distinction for Im z >0 and Im z < 0 is necessary for the integrals to converge:
Because o1 Py 9= Py 9 and 01 P29 = —Ps 1, we have

e T Py(y)=e T Pry(y) and e =T Pay(y) =< Pap(y).

Therefore, the function e <”"*¥ Py ¢(y) in (—oo, x) is in general not integrable if Im z < 0, but it
is integrable if Im z > 0. One should treat the 3 other cases similarly.

We now check that the resolvent is given by (4.2) for Im z > 0; the other case is analogous. For
simplicity, let us introduce the operators

i z icrl zx—q(x 7i0'1z —
(Alw)(m)::Em/ ¢eo1 (2o =a(@)) g~z (Gu=a()) py (o) dy,

— 00

(A9 ) (x) ;:,201/ e e =a@) (~Eoru=av) p g

x

We won'’t specify their domain now, but the calculations below show in particular that A;: H —
D(H). What we claim in (4.2) is thus that (H — 2)7' ¢ = A; ¢ + Ay . We first prove
(H —2) (A1 +A2) ¥ =1

d i d Llo1(za—q( “ —Loi(zy—
a (Al w)(x) _ 10'1— (ec 1(z q(a))/ e 1(zy—a(y)) 1:)1 w(y)dy>
—o0

c “dx

%ol (2= V() (A w(m)%alec" 1Fema@) g meorlzea®) py ()

_ égl (2 — V(2)) (A, ¥)(z) + PL ()]

Hence, (Ho+V (z) — 2z) (A1 ¢)(x) = Py ¢(x). For Ag) it is proved analogously that (Ho+V (x) —
z) (A2 ) (z) = Py y(x). Adding up both identities we conclude that

(H—2) (A1 +Asp) =P+ Poayp=1p.
It remains to prove that (A1 + As) (H — 2) ¥ =1, for v € D(H). Integrating by parts we get

i

(A )(@) = Loyermicoma) (imteea) py )

+/z 10'1 (Z _ V(y)) efégl(Zy*Q(y)) Pl w(y) dy>

—00

o PL() 1o (A (2= V) 0 ),
which implies that
A1 (H*Z)wifiCOjAl”(/}lﬁ’Al (V*Z) l/}:.Pl”(/}

Similarly, A (H — 2) ¢ = P, ¢ and hence (A + A3) (H — z) ¢ = 3. From this follows that the
resolvent is given by (4.2) for Im z > 0. a

Now we finish the proof of Theorem 4.1. Notice that

(U)(N) = Lim. / < . )ei”“”"(””%(x)dx
and N—ooy/2Tec
N o
U1 ¢)(z )_}VI_,H;O \/2_7(6 = eCUI(Amq(m))%< 1 _11 )(b()\)d)\-

Hence F=BU, F~'=U"!B~!, where B:B’I:%( } _11 ) is just a unitary change of basis in

C?, and therefore F is also a spectral representation of H.
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4.3. Invariance of D(z?) under the time evolution.

The next theorem shows that the time evolution operator leaves the domain of the multiplica-
tion by 2™ invariant and yields also an upper bound for 22 () = (et ¢)(z), 22" e 71 Ht 4 (). We
just prove the result for the 1-dimensional massless case, but it holds for higher dimensions (2 and
3) and their massive versions too. The proof for these other cases is almost identical; see [Tha92,
Theorem 8.5].

Theorem 4.3. Let H be the 1-dimensional massless Dirac operator defined in §4.1. Then
e HHID(z™) C D(2"), forn=0,1,2,...
and there are constants k,(1)) depending only on n and ¢ such that

|z e HE || < k() (L +c|t)),  for all o € D(a™).

For n =1, this upper bound implies that the particle cannot escape faster than the velocity of
light. The conclusion of this theorem is thus false in non-relativistic quantum mechanics.

Proof. We proceed inductively. For n =0 the time evolution leaves D(2°) = H clearly invariant
and the bound holds with ko(v) = ||¢||. Assume it is true for n — 1 and define for ¢ > 0 the
regularization?-3

Bz)=—2% _ 2€R.
(@) (1+e22m)1/2

Let B. denote the multiplication operator by B.(z). For each € >0 this operator is bounded and,
since Bl(x) is also bounded, B. v € D(H) whenever ¢ € D(H).
Let p € C°(R2,C?) Cc D(H)ND(z"). It holds, by Stone’s Theorem [RS80, Theorem VIII.17],
that
d

Eeth BE e_thapzieth [H, Ba] e—th ®.

Integrating from 0 to t we get
t
et B e Ht =B ¢ +i/ el [H, B]e Hs pds. (4.4)
0

We can actually extend this identity on C§°(IR?, C?) by continuity to all ¢ € H, since [H, B.] =
—icoy Bi(z) is bounded and therefore

t t
/eiHS[H,BE]e‘iHsapnds—/ G [H, B o= 115 ds|| < |t 111, B | gm — || ds— 0

0 0

if ¢, — 1 in H. Then, taking norms in (4.4) for ¢) € D(z™) and using the induction hypothesis, we
have

na" ! —iHs
cal—(1+€x2n)3/26 Y|l ds

t
|B.o Bty < HBEwn%

t
< Jam ol + / en flanteHa g | ds
0
t
< |\xw||+/ en k()1 +c |t ds
0
< Ea($) (L1 e )™,

4.3. We changed the definition of Bc(z) from Thaller’s proof so it does not have singularities when d =1 and
n is odd.
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so letting e — 0 in the left-hand side, [|z™ e 1t o || < k,(v) (1 + ¢ [t[)" and consequently
e”Hty) e D(z™). O

4.4. Dynamics.

We are ready to study the dynamics of the 1-dimensional massless Dirac operator using the
spectral representation F' given in Theorem 4.1. We compute the expected value of the square of
the position of ¢ € D(z?) at the time ¢, that is, we compute z3,(t) := (e 1t ¢)(x), 22 e T1H ().
From the bound in Theorem 4.3 we already know the motion is ballistic. Here we find not only a
bound but an identity, independent of the external potential V44,

We also introduce the notation (x,t) :=e ™t (x).

Theorem 4.4. For v € D(z?) it holds
(Y@, 1), 2w, 1)) = 2| Y]P+2ct (Pr(z),x PLp(n)) — (Pa(a), 2 Py ()
+((x), 2% P(x)), (4.5)

where P; = % ( 11 ) Py, = ( j1 *11 ) are the orthogonal projections onto the eigenspaces of o1

with eigenvalues 1 and —1, respectively.

Proof. First notice that D(z?) C D(x), and also by Theorem 4.3 v(x,t) € D(x?), so every term in
(4.5) makes sense. Moreover, by the dominated convergence theorem,

(o, 8), 22 (e, t) = L (la,t),0?e s v(a, b))

E—>O+
d 2
- L _ —cx
B
=: lim ——fw(e t).
E—>O+

We will now use the spectral representation F' defined in Theorem 4.1 to compute fy(e,t) as follows:

fole,t) = (F1Fp(x,t),e % F-1Fy(x,1))

= lim (F 'y nnje MPy,e = Py age W Fy),
N,M—oc0

by the continuity of the escalar product. Since the integrands are in L' with respect to each variable
x, A and u we may exchange the order of integration and obtain

27TCN M — 00

fulet) = lim / /M/ A=mtFp e = AT Py (w)esr* dzd pd .

We can write the Hilbert space as the orthogonal sum H= P, H® P>H. Let us first assume ¢y € P, H.
Then we have Fip € P;’H as well and we compute

fule,t) = lim / / / GO F(p) == e M dzdpd

27TCN M — o0

mﬂm@/ / =0t T )Fww)(fe‘f“)(Ac“)d dA
_ 1 / / el(A— u)tF¢( Y Fip(p) e (Ac”> %d,ud)\
M

21T ¢ gNM—»oo

where F in the second equality denotes the Fourier transform. If ¢ € P,’H —and as a consequence

so is Fi— we obtain ecA =07 and (}‘e*”ﬂ)(M) in the first and second identities instead,
but this leads to the same conclusion since (fe‘”z)(k) = (.7-'6_5”2)(—k).

4.4. Note that one can conclude a priori that the result will not depend on the external potential: We have

H = A*Hy A, where A is the unitary operator exp(i%01 q(a:)); see (4.1). Therefore, e "1Ht = A* e—1Hot 4 — g—1Hot,

the last step because A and e ~Hot commute, so $%b is independent of V.
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Integrating now with respect to u,

11 e (R =T L
fule,t) = - lim eMEFYN) Fle N /2= Fap(p) J(t) dA
26 N—oo J_N
N SN S esz/;()\)<]-‘e(ACM)Q‘;*}‘Fw(uO(t)d)\
V2mec\2e N—oo J N
]. N H Y q N 2 )2
= lim e EY(N /e—lw—%—“ (=) (FFyp)(s) dsdA.
s m [ e FO() (FF)(s)
Again by Fubini’s theorem we may interchange the integrals and this leads us to
1 T Yo = A 2 2
et) = —— [ e MFP(N) (FFY)(s)e === dAds
fulet) = o= [ ETFIN) (FFO)s)

/ [(FFY)(s)2e == ds,  for p € PLHU Py H.
We now compute

tim — L fulet) = lim @ [ (=92 FPO (o) 0 ds

e—04

= / (t - )2 (FF)(s)Pds, for b€ PLHUPYH.

Using that
(F)(\) = \/E}-(e%q(c.) @/’(C'))()\) a.e., for p € Pi'H,
\/E]:(e_%Q(—o) w(—c-)>()\) a.e., for Y € Py’H,
and hence
(fF"l/))(S) _ \/Eeic?(—cs) w(—c s) a.e., for e PLH,

Ve cq(”)w(cs) a.e., for e Py'H,

we arrive at

o) 22 (e i)y = 4 CENIP+2et (), 2e(2)) +(db(x), 22 ¢(x)) for p € P,
w0, et ) {c2t2||w||22ct<w<x>,w<x>>+<w<x>,z2w<m>> for € Py,

We obtain the desired identity for a general ¢ = Py ¥ @ P> ¢ € H simply adding up the previous
results for P; ¢ and P, 1, because the time evolution and the multiplication by the identity
operators leave Py H and P, H invariant. O
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APPENDIX A. SOME USEFUL RESULTS

This section contains important results we use in this text, often without any further reference.

A.1. Spectral theory of self-adjoint operators.

This is mainly a summary of [Wei80, §7.2-§7.4]. We refer to this book for the proofs and further
reading. Along this section H denotes a Hilbert space and H a self-adjoint operator in H.

A family {E(t) }+er of orthogonal projections on H is called a spectral family if:

i. E(s) < E(t) for s <t (monotonicity),
ii. E(t+e)>E(t) for all t € R, as £ — 04 (continuity from the right)
iii. E(t)iO as t— —oo and E(t)iI as t— oo,

where — denotes the strong limit of operators.

For every ¢ € H, the function py(t) :=(E(t) ¢, ¢) defines a bounded, non-decreasing and right
continuous function. A function f:R — C is said to be E-measurable if it is py-measurable for
all ¢ € ‘H. Step functions are F-measurable, and one can define the integral of a step function
“22?21 ¢ x(I;) with respect to E by

/u(t)dE(t) = Z ¢; E(I;),

where E((a, b]) := E(b) — E(a), E((a, b)) := E(b_) — E(a), E([a, b]) := E(b) — E(a—) and
E(la,b)):=E(b_) — E(a_). Approximating with step functions —and with some work— one defines
the integral with respect to E of each E-measurable function.

The integral of a real-valued E-measurable function f: R — R is a self-adjoint operator.
The following first version of the spectral theorem shows that every self-adjoint operator can be
represented in this way.

Theorem A.1. (Spectral theorem, integral version) For every self-adjoint operator H in a Hilbert
space H there exists exactly one spectral family E for which H = [ tdE(t). We say that E is the
spectral family of H.

Another version of the spectral theorem is the multiplication version, which is the infinite-
dimensional analogue to the well-known “every hermitian matrix is diagonalizable”, or “unitarily
equivalent to a diagonal matrix”. —Think of the N-dimensional Hilbert space Cx of functions f:
{1, ..., N} — C. The multiplication operator by g¢: {1, ..., N} — C is represented by the diagonal
matrix D, with n-th diagonal term d,,,, = g(n).— In infinite dimensions self-adjoint operators are
also unitarily equivalent to multiplications.

Theorem A.2. (Spectral theorem, multiplication version) Let H be a self-adjoint operator in
H. Then there exists a family {pa}aca of bounded non-zero Borel measures on R and a unitary

operator U= (Un): H— @, 4 L2(R, pa) such that

UHU*=1d,

where Id denotes the operator of multiplication by the identity on @aeA Ls(R, po). The cardinality
of A is at most the dimension of H, and for the spectral family E of H we have U E(t) U* =
X(—o0,t]- We call this a spectral representation of H. In contrast to the spectral family, a spectral
representation 1s not unique.

Let E be a spectral family on H. A subset M C R is said to be E-measurable if its charac-
teristic function x (M) is E-measurable. Extending the definition of E(I) for an interval I C R,
we set E(M):= [ x(M)(t)dE(t). The operators E(M) are orthogonal projections and are called
spectral projections.
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Theorem A.3. Let H be a self-adjoint operator in H and let E be its spectral family. The following
statements are equivalent:

i. Neo(H).
ii. There exists a sequence 1, € D(H) with ||¢n]| =1 such that ||[(H —\) ¥n|| — 0 as n— oco.
iti. E(A—¢e,A+¢)#0 for all e >0.

The equivalence (i)<(ii) is usually known as Weyl’s criterion.

A.2. Hilbert-Schmidt operators.
Let H be a separable Hilbert space and {gpn} , an orthonormal basis. Let A be a bounded

positive operator in H. The trace of A is defined as tr A= anl (¢n, Apy,) and is independent
of the choice of {¢,}. It holds [RS80, Theorem VI.18] that

i. tr(UAU*)=tr A, for any unitary operator U.

The trace allows the definition of Banach spaces of (compact) operators which can be thought as
the analogous of the LP-spaces. For instance, the operators A such that tr|A| < oo are called trace
class operators, and the set of such operators is a Banach space with the norm || A||1:=tr|A|. Here
we discuss the analogous of L2, which is also a Hilbert space, called the space of Hilbert-Schmidt
operators.

A bounded operator A is Hilbert-Schmidt if tr A* A < co. We denote the space of Hilbert-
Schmidt operators in H by Ba(H). Some useful properties of this class of operators are ([RS80,
Theorem VI1.22]):

i. Ba(H) is a vector space.

ii. If A€ By(H) and B is bounded, then A B € By(H) and B A € Bo(H).
iii. If A€ By(H), then A* € Bo(H).
iv. Bo(H) with the norm || Al2:= (tr A* A)'/2 is a Hilbert space.

v. Every A€ By(H) is compact, and a compact operator A is in By(H) if and only if 37 | A2 <
oo, where A, denote the eigenvalues of A.

For Hilbert-Schmidt operators in an L2-space we have

Theorem A.4. [RS80, Theorem VI.23] Let (X, p) be a measure space and H = L*(X, p). A
bounded operator A is Hilbert-Schmidt if and only if there exists a function

ke L2(X x X,dp®dp)
such that

(A)(x) = /k<x,y>w<y>dp<y>.

Moreover,

|Al3= / k(. )P d plz) d p(y).

And for Hilbert-Schmidt operators into an L2-space it holds

Theorem A.5. [Wei80, Theorem 6.12] Let (X, p) be a measure space and H separable Hilbert
space. Let A be an injective operator from H into L*(X, p). There are equivalent

i. A is the restriction of a Hilbert-Schmidt operator to D(A).
i. There exists a function v: X —H such that ||v(-)| € L*(X, p) and
(AY)(2) = (v(=), ¥)
almost everywhere in X and for all y» € D(A).
iti. There exists a function f € L*(X, p) such that

Ay (@) <9l f(z)
almost everywhere in X and for all y» € D(A).
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